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TRIGONOMETRIC FUNCTIONS

Definitions
Angle : An angle measures the amount of rotation of a revolving
line with respect to a fixed line.
If the rotation is in clock-wise sense, the angle measured is said to be
negative and positive if the rotation is in anti-clockwise sense. 0] > A

Right Angle : The measure of the angle is a right angle if the revolving line starting from its initial position«to final
position describes one quarter of a circle.

Angle in Standard Position : An angle is said to be in standard position if the vertex of the angle is at the origin O
and its initial side is along the positive direction of x —axis.

Quadrants

Let XOX' and YOY’ be two mutually perpendicular lines in a plane and
OX be the initial half line. The whole plane is divided into 4 different
regions XQOY, YOX' , X'OY' and Y'OX. These regions are called
quadrants and are respectively called 1st, 2, 3 and 4t quadrants
according as the terminal side lies in the 1st, 2nd | 31 and 4t quadrants.
If the terminal side coincides with one of the axes, then angle is called (0]
a quadrant angle.

3rd 4th
\ 4

’

Angle in a Particular Quadrant : An angle is said to be in a particular quadrant, if the terminal side of the angle in
standard position lies in that quadrant and initial side is along the +ve direction of x-axis.

Coterminal Angles
Two angles with different measures but having the same initial y
sides & the same terminal sides are known as co-terminal
angles. For example:- The angles with measure 80° and -280° -280°
are co-terminal angles. r 80°

Various Types of Angles X K,/ X

An angle 6 is said to be:

an acute angle, if 0° < 6,< 90° y'
an obtuse angle, if 90° < 6 < 180°

a reflex angle, if 180° <6< 360°

a right angle, if 6 = 90°

a straight angle, if:.© = 180°

VVVYVY

Measurement of Angles

(a) Sexagesimal System (English System) : In this system, the right angle is divided into 90 equal parts and each part is
called a degree. Each degree is further sub divided into 60 equal subparts, each subpart is called a minute and each
minute is again sub-divided into 60 equal subparts, each subpart is called a second. Thus we have
1 rt. angle = 90 degrees, written as 90°
1 degree or 1° = 60 minutes, written as 60’
1 minute or 1’ = 60 seconds, written as 60"
Hence an angle containing 79 degrees, 24 minutes and 9 seconds is generally written as 79° 24’ 9. One
advantage of taking straight angle as 180° is that it is easily subdivided into halves, thirds, fourths etc;
something that is not possible if we take the straight angle to be 100 or 150 or 200 units.

(b) Circular System : This system of measurement of an angle is used in all the higher branches of
mathematics. In this system the unit for the measurement of an angle is a radian which is obtained as follows :
Take any circle whose centre is O and cut off an arc AB equal in length to the radius of the circle. Join OA and
OB. Then ZAOB is a radian.
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Find the number of minutes in 4.5 degrees.
4.5 degrees = 4.5 x 60 minutes (~- 1° =60
= 270 minutes

Find the number of seconds in 4.5 degrees.
4.5 degrees = 270 minutes = 270 x 60 seconds (-~ 1"=60)
=16, 200 seconds

Definitions
A radian is the angle subtended at the centre of a circle by an arc

whose length is equal to the radius of the circle. 1 radian is written as
1cor 1. A

Result 4 !
If 0 is the number of the radians in an angle subtended at the centre of

Ji B
a circle of radius r by an arc of length /, then 6 = —.
r
lllustration 3
Find the length of the arc of a circle of radius 5 cm subtending a'central angle measuring 15°.
arc s
Let s be the length of the arc subtending an angle 6 at the center of a circle of radius r, 6 = di =—
radius r

C
Here, r=5cmand9=15°=[15x T J

1800
T C
Now, ©O0=|—
&

S
Using, 6 = —we get, s = 51/12 cm
r

Note :

0 should always be expressed in radians and /, r must be taken in the same units and radian is a constant angle i.e. its
measure does not depend on the size of the circle that we take.

Relation between Degrees and Radians.
We know that = radians = 180°
= 1 radian = [@j" = 1rad. = (180 x 0.31831)° (

T

= .31831)

E I

1rad!=57°17" 46 " nearly
Again, 180° = « radians

= 10 = L radians.
180
= 1o = 3.1416 radians
180
= 10 =.01745 radians nearly.
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Express 45° 20’ 10 " in radian measure (n = 3.1416)
(16321)02 16321

_" radians
180

360 360
= —16321 ><—3'1416 =.79 radians
360 180

The wheel of a railway carriage is 4 ft. in diameter and makes 6 revolutions per second. How fast is the train
going ? (n = 3.14).

We have r = radius of the wheel = %ft. =2 ft.

circumference of the wheel = 2nr =2 x 3.14 x 2 = 12.56 ft.
Since the wheel makes 6 revolutions per second,
distance traversed in 1 second = 6 x 12.56 ft = 75.36 ft.
Hence the required velocity of the train
=75.36 ft. / sec.

Illustration 6

A horse trots uniformly along a circular track of radius 27 m. The angle subtended at the centre of the track
1
by the arc passed over by the horse in 3 seconds is 70°. What distance will the horse pass over in 5 minute?

Let s m be the distance passed over by the horse in'3 seconds.
Here r = radius of the circular track = 27 m
0 = angle subtended at the centre by arc of length s m

=70°=70x - = ' Ladians
180 18
We have

S=r0=27x 7_n:§x7x2 = 33 m (approx).
18 2 7

33
Distance passed over bythe horse per second = ? =11m

1
The required distance that the horse will pass over in — minute

=11%x30 m=330m

Illustration 7

The angles of'a certain triangle are in A.P. If the ratio of the number of degree in the least angle to the number
of radians in the greatest angle be as 60 : n, express the angles in degrees.

Let'the three angles in A.P. be A —d, A, A + d which are measured in degrees.

Then the greatest angle = (A + d) degrees = (A + d) % radians.

By the given condition, (A —d) : {(A +d) %} =60:7

A_d.ﬂzﬁ, or, 3(A-d)=A+d or, d= 1A
A+d = o 2

or,

Also  (A—d)+A+(A+d)=180°
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or, A =60°
1 1
d=—A = —x 60°=30°.
2 2

A—-d=60°-30°=30° A=60°and A+d=60°+30°=090°
Hence the required angles in degrees are 30°, 60° and 90°.

Illustration 8

1 22
At what distance does a man of height 5 E ft. subtend an angle 12""? (Given «t = 7 )

1
Let AB be the man of height 55 ft. and let AB subtend an angle of 12" at the point O.

Let OA =r ft. We have
p=12"=_ 12 <« radians

60 x60 180
Since the angle 12" = ZAOB is very small, AB is B _B
also very small compared to the distance OA.
So if we draw an arc AB’ of a circle with O as 514 Mt
centre and A = r ft. as radius such that arc AB’
subtends an angle 12" at O, then arc AB’ = AB 127
(nearly), O A
1 1 rft.
or, s=5—, or, ro = 5—,
2 2
12 n 11

or, rx

6060 180 2

r=11,60x60x180x7 ¢ .. ;<207
2 12x 22

= 94500 ft.

or,

Relation between side and interior angles of a regular polygon

Let us consider a polygon of n equal sides

Then, sum of interior angles = (2n — 4) x 90°

n= 204,

If the polygon is regular each interior angle of the polygo 90°

Each exterior angle of a regular polygon =

360°
n

Illustration 9

The number of sides of two regular polygons are as 5 : 4 and difference between their each interior angle is 9°.
Find the number of sides.of two regular polygons.

Let the number of sides be 5n and 4n

According to the above condition,

(2% 5n=4)x90°  (2x4n-4)x90°
5n 4n

Hence, theinumber of sides are 10 and 8
Note: In a'clock, angle traced by minute hand in one minute = 6°

=99 From here,n=2

Angle traced by hour hand in one minute = (JJO
2

Therefore the minute hand leads the hour hand by 510 every minute.
2
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Illustration 10

Find the angle between the minute hand of a clock and the hour hand when the time is 7 : 20 AM.
Angle traced by hour hand in 12 hours = 360°

Angle traced by hour hand in 7 hrs 20 minutes = (?;620

o
x7j +10° =220°

Also, the angle traced by minute hand in 60 min = 360°

360

0
The angle traced by minute hand in 20 min = (EX 20) =120

Hence, the required angle between two hands is 220° — 120° = 100°

1.
12.
13.

14.

Trigonometric Functions of Acute Angles

Practice Assignment -I

Find the degree measure corresponding to the following radian measures :

. 97 . I oM 5n
(i) (i) —4 (iii) 5 (iv) 16 (v) 3
Find the radian measure corresponding to the following degree measures
(i) 3000 (i) 125° 30’ (iii) 7°30’ (iv) 25°
(v) —47°30" (vi) 240° (vii) 520°

The angles of triangle are in the ratio 3 : 4 : 5. Find the smallest angle in.degrees and greatest angle in radians.
A wheel makes 360 revolutions in one minute. Through how many radians does it turn in one second?
Find the degree measure of the angle subtended at the centre of a circle of radius 100 cm by an arc of length 22

cm. (Use &t = 2)
7

In a circle of diameter 40 cm, the length of a chord is 20 cm. Find the length of minor arc corresponding to the
chord.

If in two circles, arcs of the same length subtend angles 60° and 75° at the centre, find the ratio of their radii.
Find the angle in radians through which a pendulum swings if its length is 75 cm and the tip describes an arc of
length

(i) 10 cm (i) 15 cm (iii) 24.cm

The minute hand of the clock is 10 cm long. How far does the tip of the hand move in 20 minutes?

A wire 121 cm long is bent so.as to.lie‘along the arc of a circle of radius 180 cm. Find in degrees the angle
subtended at the centre by the arc.

A man running along a circular:track at the rate of 10 miles per hour traverses in 36 seconds, an arc which
subtends an angle 56° at the centre, find the diameter of the circle.

Find the distance/from the eye at which a coin of 2 cm diameter should be held so as to conceal the full moon
whose angular diameter is 31'.

The perimeter of‘a certain sector of a circle is equal to the length of the arc of the semicircle having the same
radius. Express the angle of the sector in degrees, minutes and seconds.

The ratio of angle in one regular polygon is to that in another is 3 : 2 and the number of sides in the first is twice
that in the second. Determine the number of sides of the two polygons.

C!
An angle whose measure is greater than 0° but less than 90° is
called’an acute angle. Consider a right angled triangle ABC with C
right “angle at B. Side opposite to right angle is called the h b h’ p'
hypotenuse, side opposite to angle A is called perpendicular for
angle A and side opposite to third angle is called base for angle A ul) u
A AT b A b B

Any ratio of two sides of the triangle depends only on the measure of angle A that is on 6.

Definitions :
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Q) sin g = Perpendicular _ p (i) cose=__Pase b
hypotenuse  h hypotenuse h
(ii) tane=%dicmar:% (iv)  cot6= %:9
ase perpendicular p
(v) sec g = nypotenuse _ h (vi)  cosec = _nypotenuse _h
base b perpendicular p

The abbreviations stand for sine, cosine, tangent, cotangent, secant, cosecant of 0 respectively. These functions of
angle 0 are called trigonometric functions or trigonometric ratios.

C!
Identity c
An identity is a trigonometric equation, if it is true for all values of hs
the angles in the domain of the trigonometric ratios involved. h p p’
For example. sin20+cos?20=1,v0eR
A uf=} , Y
AT p A 5 B

sec20=tan20+1,v 0 e R— {(2n + 1)g;n ez}
A trigonometric equation is satisfied in general by only some points of the domain of the functions involved.

For e.g. sin 6 = 1 is a trigonometric equation whose solution is 6 = nx + (—1)”% .
Trigonometric Identities

(a) sin?A + cos? A=1orsin?A=1—-cos?2A or cos?A=1-sin2 A
1

(b) 1+tan? A=sec? Aor sec’A—tan?A=1orsecA+tanA= ———
sec A—tanA

where Aznm+ g ,neZ

1

(c) 1+cot2A=cosec? Aorcosec?A—cot? A=1orcosecA+cot A= '
cosec A—cotA

where Aznn,ne”Z
(d) sin* A + cos* A=1-2sin?A cos? A
(e) sin® A + cos® A =1 -3 sin? A cos? A
(f) tan?A — sin? A = tan? A sin? A
(9) cot? A — cos? A = cot? A cos? A

Illustration 11

Prove \/@ = sed 0 +tan®
1-sin®

L_H_S_=\/m=\/1+s?n9_1+sine
1-sin® 1-+4sin® 1+sin®

) \/(1+sin9)2 _J(1+sin9)2 1+sin@

1-sin@ cos? 0 cos 6
= 1 +Sln9 =sec 0 +tan 6 =R.H.S
cosO cos6

| lllustration 12 |
Show that : sin® A — cos® A = (sin?A — cos?A)(1 — 2 sin?A cos?A)
L.H.S = sin® A — cos®A = (sin*A)? — (cos*A)?
= (sin* A — cos* A) (sin* A + cos*A)
= (sin?A — cos?A) (sin? A + cos?A) [(sin?A + cos?A)? — 2 sin? A cos?A]
= (sin? A — cos?A) (1 — 2 sin? A cos?A) [ - sin? A+ cos?2A=1]
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Prove the following identity
tan0+sec6-1 1+sind

tan0-sec0+1 cos0
LHS = fanb+secH-1
tanf—sec6+1
: (tan6+sec(9)—(se026—tan2 0)
tan6—secO+1
_ (secO+tan0)[1-(secO—tan0)] _ (sec6+tan0O)[tanO —sec O +1]
tan® —sec O +1 tanb—sec6H+1
1 N sin® :1+sine
cosO cos6 cos 6

[ - sec?0—tan?0 = 1]

=secHO+tan 0=

Illustration 14

Ifacos®—-bsind=c,showthatasin6+bcos6= + \/a2+b2—c2
We have,acos O —-bsind=c

= (a cos 6 — b sin 0)2 = ¢? [Squaring both sides]
= a2 cos2 0 + b?sin2 0 — 2ab cos 0. sin 6 = ¢2

= a? (1 —sin? 0) + b?2 (1 — cos? 0) — 2ab cos 0 . sin 6 = ¢?
= a2 —a?sin2 0 + b2 — b2 cos20 — 2ab cos 0 . sin 0 = ¢2

= a2sin20 + b2cos?20+2abcosO.sind=a2+b2-c?
= (asin©+bcos0)2=a?+b2-c?

= asin0+bcosf=+ Va2 +b? —c?

[ lllustration 15|
If3sin0+5cos0=5,showthat5sin0—-3cos0=+3
Given, 3sin0+5cos06=5 A1)

Let, 5sin 6 -3 cos 0 =x ....(2)

Squaring (1) and (2) and adding, we get
(9 sin2 0 + 25 cos? 0 + 30 sin 0 cos 0) + (25 8iN20+ 9 cos2 0 — 30 sin 0 . cos 0) = 25 + x2

= 9(sin? 0 + cos? 0) + 25(sin? O + cos? 0).=25 + x?2
= 34=25+x%x2 =>x2=9, A x=43
lllustration 16
If 6 is an acute angle and tan 0 + sec 0 = 1.5, find sin 0, tan 0 and sec 0.
3
Given, sec 6 +tan 9 = 5 (1) A
We have, sec? 0 — tan20/= 1 13
= (sec® —tan 0) (sec 6 + tan 0) = 1 5
1 2
= secf-tanb= ——— = — w(2) O\
secO+tan®6 3 B 12 c

Adding (1)‘and (2), we get

2secH= — +g :E
3 6
5 .
secO= — tan0 = — and sing= —
12 13
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If cosec 6 — sin 6 =m and sec 6 — cos 0 = n, eliminate 0.

Givencosec® —sin®@=mor —— —sin® =m
sin©
1—sin? 2
or S—e =m or CO_S 0 =m [ 1 =sin20 + cos?0] (1)
sin® sin®
Again, sec0®-cos0=nor —cosO=n
cos 0
1-cos? in?
or Mzn orS e=n ..(2)
cos 0 cos 6
2
From (1), sin 6 = cos’6 (3)
m
4
cos” 0
Putting in (2), we get — —_=nhor cos®0=m2n
m< cos 0
cos 6 = (m2n)!/3 orcos2® = (m2n)2’s . 4)
2 2.12/3 4/3,.2/3
men m~'°n
From (3), sin 6 = cos”6 _ ) = =m"3n2/3 = (mn?2)! /3
m m
sin2@ = (mn2)273 cie..(B)

Adding (4) and (5), we get
(m2n)2” + (mn2)23 = cos?2 B +sin20 or (m2n)2”3 + (mn2)2/3 =1,

lllustration 18

Eliminate 6 between the equation
asecO+btan6+c=0and psecO+qtan06+r=0.

Given,asecO+btan6+c=0 (1)
andpsecO+qtan0+r=0. ....(2)
Solving (1) and (2) by cross multiplication method; we have

secH tan© 1

br-qc - pc-—ar - aq-pb
(i) (i) (iii)

From (i) and (i), we get sec 6 = 2=9C .(3)
ag—pb

From (ii) and (iii), we get tan 6= pe—ar ...(4)
aq-pb

sec? 9 —tan%20 =1

2 2
br-qc)| “(pc-ar 1
(aQ—pb) [aQ—pr

or (br— qc)? - (pc — ar)? = (aq — pb)?

lllustration 19
If 2y cos 6 = x sin 8 and 2x sec § — y cosec 0 = 3, show that x? + 4y? = 4.
We have 2y cos 6 = x sin 6
cosO sin®d
or, =—— =k (say)
X 2y

Then cos 6 = kx and sin 6 = 2ky
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Again 2x sec 6 —y cosec 0 = 3.

or, 2X _'L = 3, or, Q_L = 3, or, z_i = 3,
cos O sin6 kx 2ky k 2k

or, ﬂ =3, or, i =3, or, 2k =1,

k 2k
or k= 1 ‘ coso = X and sinb=2. — =
’ 2 3 .. 2 B ) y y
x2

cos?20 + sin20 = 7 + y2 =1 or, X2+ 4y2 = 4.

lllustration 20

If tand = 2, find SiN8  cosé
cos®0 sin®e

2 .2 .2 2

sec29=1+tan20=1+ @ _a +b". . cos?9= _P°
b2 b2 a® +b?
2
2 2 .2

cosec29=1+cot2g=1+ b _a“+b" . . sin20 = 5

a? a? a‘+b

4
2 8 8
.. sin%0 = a = a , coso = %
a? +b? (@2 +b2)* (@a% +b?)
and sing=+__ 8 , COs 0=+ b .
Va? +b? Va? +b?
2 ,.2\4 2 n\2\4 2., ,.2\4
Given expression = + a _(a +: ) ,__b .(a +: ) - iw(%Jr%j
\/a2+b2 b \/a2+b2 a va?+p2 \b"~ a

lllustration 21

Eliminate 6 from the equations : tan 8 — cot 6= a and sin 6 + cos 6 = b.

We have
a2 = tan?0 + cot?0 — 2 tan 6 . cot 8 = (1 + tan?0) + (1 + cot?0) — 4
or, a? + 4 = sec?0 + cosec?0 = a + L L

cos?0 sin?0 - cos?0.sin?0
and b2 = (sin 0 + cos0)2=sin20 + cos20 + 2sin 0.cos 0 =1 + 2sin 0. cos 0

or, (b2—1)2=(2.sin @ cos 0)2 = 4 sin? 0 . cos20
(a2 +4) (b?2-1)2= 1 x4sin20.cos20=4
cos?0.sin? 0
ie. (a2 #4).(b? = 1)2 = 4, which is the required result.

Eliminate 6 from the equation

2 2
xsin®—-ycos0=x2,y2 and cos e+ sin"8_ 1 )
a2 b2 x2+y2

We have

xsin®—ycos 0= x?+y? (1)
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and cos? 0 N sin 0 _ 1 (2
a2 b2 x2 1 y2
Squaring both sides of (1), we get

X2 sin20 + y2 cos? O — 2xy sind cosO = x2 + y?

or, X2 (1 — cos20) + y2 (1 — sin20) — 2xy sinO cosO = x2 + y?
or, X2 c0s20 + y2 sin20 + 2xy sin 0 cos 0 =0

or, (xcosO+ysin0)2=0,0r,xcos0+ysind=0

or, X cos 6 =—y sin 0,

or cosO sin® cosze+sin26_

1
-y X /yz +x2 /X2 +y2
cosf = — y andsing= %
Jx2 +y? x2 +y?

Substituting these valued of cos 6 and sin 6 in (2), we get

B S B S

a2 x2+y2 b2 x2+y2 x2+y2
2 2 x?2 y2

or, Yy X =1,0r, —+ = =1, which is the required eliminant.
a? b? b2 a2

Practice Assignment -I1

Prove the following identities

1. (1 + tan a tan B)? + (tan o — tan B)? = sec?a. sec? .
2 tanA + CotA =sec Acosec A + 1.

1-cotA 1-tanA
3 2sec? 0 — sec* 0 — 2 cosec? O + cosec? §.= cot* 6~ tan* 0.
4 sin? A cos?B — cos?2A sin?B = sinZ A — sin?B.

cosecH cosecH

5. + = 2sec?@.

cosec6—-1 cosecO+1
6 (secA —cosecA) (1 +tanA + cot'A) = tan A secA — cot A cosec A.
7 (tanA + cosec B)? — (cot B —=sec A)? = 2 tanA cotB (cosec A + sec B).
8 23in9tan6(1—tan6)+23in939029_ 2sin0

(1+ tan 0)? 1+tan6
2 _ Qi
9. cot e(sgce 1) Lset2 0, 1-sin6
1+sin0® 1+ secO

10. (cosecH — secB) (cot 6 — tan0d) = (cosecH + sech) (secH cosech —2)
11. If sin.x + sin?x = 1, then prove that cos2x + cos?*x = 1.
12. If sec @+ tan 6 = 4, find sec 6 and tan 0.
13. If sin o + cosec a = 2, prove that sin" a + cosec"a, = 2

14. If (1= sinA)(1 — sin B)(1 - sinC) = (1 + sinA)(1 + sinB)(1 + sinC), prove that each side is
equal to + cos A cos B cos C

15. If cosx + sinx = \/5 cosx, prove that cosx — sinx = \/5 sinx

16. If sind and cos0 are the roots of ax2 — bx + ¢ = 0 show that a2 — b% + 2ac = 0

17. If cot 8(1 + sin 8) = 4m and cot 6(1 — sin 8) = 4n, then prove that (m?— n2)?2 = mn
cos sin

18. If @ ,— “_b , then prove that (a2 — b?) sin?p = a2 —1
cosf sinf

19. If cosec 6 — sin 6 = a, sec 06— cos 0 = b, then prove that ab2(a? + b2 + 3) = 1
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20.
(m + n)23 + (m — n)23 = 2¢23,

Graphs of Trigonometric Functions
Sine function: The function that associates each real
number x to sin x is called the sine function. Here x is
the radian measure of the angle. The domain of the sine
function is R and range is [-1, 1]

Consine function: The function that associates each
real number x to cos x is called the cosine function. Here
x is the radian measure of the angle.

The domain of the cosine function is R and the range is
[-1,1]

Tangent function: The function that associates a real
number x to tan x is called the tangent function.
Clearly, the tangent function is not defined at odd
multiples of /2 i.e. +n/2 + 3n/2 etc. So, the domain of
the tangent function is R —{(2n + 1) /2 | n € Z}. Since
it takes every value between — o and « So, the range
is R

Cosecant function: The function that associates a real
number x to cosec x is called the cosecant function.
Clearly, cosec x is not defined atx =n n, ne Zi.e. 0, *r,
+27, £37n etc. So, its domain is R—{n = |n €Z}. Since
cosec x > 1 or cosec x < —1. Therefore, range is

(=00, =11 U [1, ).

Secant function: The function that associates a real
number x to sec x is called the secant function.

Clearly, sec x is not defined at odd multiples-of n/2.i.e. (2n +
1) w2, where n e Z. .So, its 'domain is
R—-{(2n+ 1) n/2 | n € Z}. Also, | sec x | =1, therefore its
range is

(=00, =11 U [1, ).

Cotangent function: The function that associates a real
number x to cot x is called the cotangent function.
Clearly, cot x ds not defined at x = n %, n € Z ie. at
n=0,+n, £2x, etc. Sodomain ofcotxisR—-{nn|neZ}.
The range of f(x) = cotx is R.

Behaviour of cos 6 and sin 0 as 0 varies from 0 to 2x

sin 0 increases from 0 to 1. &is +ve
tan 0 increases from 0 to « & is + ve
In| Quadrant : cot0 decreases from « to 0 &is + ve

sec 0 increases from 1to « &is + ve

If c cos®0 + 3 ¢ cosO sin2 0 = m, ¢ sin® O + 3c cos20 sin O = n then prove that

cos 0 decreases from1to 0; & is + ve

cosec 0 decreases from « to 1 &is + ve

1y
. 14 ~=(sinx R
R~ I N 4 N ar
2 32 e -n2 S0 np w 3m2 /2 3\ R
rrnaes®’ ——_1 N - 4 —
A
y A
“.-" ~ \ - \ . -
", —T ... 1 \ // . 37'C ./
+ * + + + 4 va + v } 4
-2n \\ T o/ 2w ) / 4n
-1+ - ~ "
v

J

\ &

1
1
1
1
|
pEYY / /21
1
1
1

w
a
~
ISR )

et bt s

q----===

v

1 y 1 1
k%/l 0? k—n/Z, 0) kn/z, 0) ' Qn/z, 0)5

(-27, 0 (7.0 lo (. 0) !
i oo i
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cos 0 decreases from Oto — 1, & is —ve

sin 0decreases from1to 0. & is + ve
tan 0 increases from — o to 0 & is = ve
Inll Quadrant : cot Odecreases from 0 to—o & is —ve

sec 0 increases from —o to -1 & is —ve

cosec 0 increases from 1to «© & is + ve

cos 0 increases from —1to 0; &is —ve

sin 0 decreases from O to —1& is —ve

tan0 increases from 0 to +o & is +ve
Inlll Quadrant : .
cot 0 decreases from +« to 0 & is + ve

sec 0 decreases from —1to —o & is —ve

cosec 0 increases from —o to —1 & is —ve

cos 0 increases from 0 to 1, & is + ve
sin 0 increases from —1to 0& is —ve
tan 0 increases from=-o to 0 & is —ve
InlV Quadrant : .
cot0 decreases from 0 to —o & is —ve

sec 0 decreases from +o to 1& is + ve

cosec 0 decreases from=1t0o -0 & is —ve

Domain and Range of Trigonometric Functions

Domain Range
Sin A R =1.1]
Cos A R -1, 1]
Tan A R-{(2n+1)nw/2|neZ} (—o,0)=R
Cosec A R-{(nn|n ez} (= o0, =11 U[1,0)
Sec A R—{(@2n+1)n/2|n &2} (= o0, =1] U[1,0)
Cot A R-—{nn|neZ (= o0, ©) = R.

Thus, | sin A| <1, | cos A| <1, |sec A| =1, |[cosec A | > 1 for all values of A for which the functions are defined.

Periodic Functions
A function f(x) is said to be periodic if f(x + p) = f(x), where p = 0 is the least positive real number called period of
function.
For Example : cos 0, sin/0 are the periodic functions, each of period 2= & tan 0 is the periodic function of period =.
Some important results on:periodic functions

(i) If f(x) is a'periodic function with period T and a, b € R such that a > 0 then f(ax + b) is periodic with period T/ |a |.
For example sin x is periodic with period 2 Therefore sin(3x + 2) is periodic with 27/3
(ii) If f1(x),f2(x) ,f3(x) are periodic functions with periods T+, T2 and Ts respectively then aifi(x) + azf2(x) + asfa(x) is a periodic

function with period equal to LCM of T1,T2 and T3 where ai1,a2 and as are real numbers
Note ;” If k' be any integer, then

cos (2kmn+60)=cos 6

sin(2kmx+0)=sin6

tan(kt+0)=tan 0

T-Ratio’s of allied angles

Trigon- -0 90°-6 900 + 6 180°-6 1809+6 270°-9 270%+0 360°-6
ometric or or or or or or or
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Ratio -0 +0 21 -0
T T & & 3t o) [ (37, 0)| "
2 2 2 2

sin —sin 0 cos 0 cos 0 sin 0 -sin 0 —cos 0 —cos 0 —sin 6
cos cos 0 sin 0 -sin 0 —cos 0 —cos 0 —sin 0 sin 0 cos 0
tan —tan 0 cot 0 —cot 0 —tan 0 tan 0 cot 0 —cot 0 —tan 0

Rule: T-function (n x 90°+6)

Ifnisodd,sineé cos 0

tan 6 = cot 0

sec 0 = cosec 0

if n is even then function will remain same and sign convention can be taken from the four quadrants.
For all values of 6,

cos (- 0)=cos 6

sin (—0)=-sin 6

tan(-0)=-tan 6

(1) Clearly in first quadrant sin 6, cos 0, tan 0, cot 0, sec 6 and cosec 0 are all positive as x, y-are positive.
(2) In second quadrant x is negative and y is positive, therefore, only sin 6 and cosec 0 are positive.
(3) In third quadrant, x and y are both negative, therefore, only tan 6 and cot 6 are positive.
(4) In fourth quadrant, x is positive and y is negative, therefore, only cos 6 and-sec 6-are positive.
Quadrant I I III v
%

sin 0 + + - -

cos 0 + - (- +

tan 6 + - + —

cosec 0 + + - -

sec 0 + — - +

cot 0 + — + -

Even and odd functions

A function f(x) is said to be even or odd according as f( — x) = f(x) & f(—x) = —f(x) V x € Re domain of the function.
For example cos 0 and sec 0 are even functions but remaining t-ratios are odd functions
Value of Trigonometric Ratios of Standard Angles

Angle 6 —» o o o o o
T. Ratios { 0 30 45 60 90
1 1 3
sin 0 0 — —_— MY 1
' 2 V2 2
3 1 1
0 1 == —_— — 0
COS 5 \/5 2
1
tan © 0 —_ 1 3 undefined
g V3
0 Undefined 2 J2 2 1
cosec ndefine —
2 J3
0 1 2 J2 2 defined
sec - undefine
J3 2
1
cot 0 Undefined 3 1 —_ 0
I3 5
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| Illustration 23 |

Prove that sec? 9 = Lyz is possible for x =y, where x =0,y = 0
(x+y)
We know that sec?0 >1, 4—Xy2 >1
(x+y)

= (x+y)2-4xy<0

, . Lo Axy
Hence, the given equation is possible if — = lorx=y

(x+y)

lllustration 24

Find period of sin(z%xj + cos(%xj

Period of sin(z%xj is 3 and period of cos %X is 4

As LCM of 3 and 4 is 12, hence period is 12.

Note: This is not a universal rule. For example if f(x) = |sin x| + |cos x|. The period of |sinx| is = and the period of |cos
x| is mand if we take L.C.M then we are expecting its period is =, but actually its period is n/2. To remove this confusion if
o(x) is of the form f (sin x) + f (cos x), f (tan x) + f(cot x), f (sec x ) + f (cosec x) and f is an even function then we have to
divide a period by 2.This can also apply if they are in product form.

Which trigonometric ratios are positive for the following-angles:

. . o (2m)\®

(i) 210° (ii) — 135° (iii) ?

(i) 210¢ is in the third quadrant hence only tan 210°and cot 210° are positive.

(ii) —135¢ lies in the third quadrant hence.only tan (-135°) and cot (-135°) are positive

3 3 B

Hence sin 120° and cosec 120° are positive.

c o
(iii) [QJ = {%X 180 J = 120°.which lies in the second quadrant.

Illustration 26

Find the values of the other five trigonometric functions in each of the following questions:

(i) tan o = %, where 0 is in third quadrant.

3
(i) sin@ = E , Where 0 is in second quadrant.

(i) Since 6 is in third quadrant,
Only tan 6 and cot 6 are positive.

Now, tan 6 = i Therefore, cot 0 = E sin@ = —i, coseco = —E, cos 0 = —E and sec 0 = —E
12 5 13 5 13 12
(ii) Since 0 is in the second quadrant,

Only sin 6 and cosec 6 will be positive.

Now, sin 0 = E.Therefore, cosec 0 = §,cose= —i,sec(a: —g,tan9= —i and cot 6 = —i
5 3 5 4 4 3
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1 3
Ifcos 6= — Y andt <0< ER find the value of 4 tan? 0 — 3 cosec? 0.

3
Since n < 0 < —, therefore tan 0 is positive while sin 6 is negative.

Now, sin®=—+1- cos? _ _7 /1__ =_X2

= cosec 0 =

a\

sing  —+/3/2 _ 3

and, tan 0 = =
cos 6 -1/2

4tan20 -3 cosec?20=4x3 -3 x

w|4>
CX)

lllustration 28

Find the value of cosec (— 1410°)
—1410° = — 4 x 360° + 30°
cosec (- 1410°) = cosec (- 4 x 360° + 30°)= cosec 30° = 2

lllustration 29

Find the value of tan 19m

Illustration 30

3
If sec 6 = \/5 and 77[ <0 < 2r. Find the value of 1+ tanb + cos eco

1+ cotO - cosech

1
If sec 6 = \/Ethen cosf = —(cos 0 is +ve)

J2

According to sign convention, sin 6 = — \/1_cos20 = —

SIS

tan /=< 1) then 1+tan®+cosecd 1-1- f__1
1+cotb—cosecd 1-1++/2

Illustration 31

Prove that cos 510° cos 330° + sin 390° cos 120° = —
LHS = cos 5109 cos 330° + sin 390° cos 1200
= cos (360%+ 150°) cos(360°-300) + sin (360° + 30°) cos (90°+ 300)

3 1
= cos 150° cos 30° + sin 30%(-—sin 30°) = _Z_Z_ -1
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lllustration 32

Solve for x the equation : cosec (90° + A) + x cos A cot (90° + A) = sin (90° + A)
We have cosec (90° + A) + x cos A cot (90° + A) = sin (90° + A)

or, sec A + x cos A. (—tan A) = cos A,
or, —X.COSA_smA = cos A, or, —xsinA=cos A
cos A cos A
2 ) ;
- inA
or, xsin A= —CosA = 1-cos” A _ SN A =5 =tan A
cos A cos A cos A cos A

Illustration 33

If, A, B, C be the angles of a triangle, prove that

cosec (B + C) + cosec (C+A) + cosec (A+B) _

sec (270° + A) + sec(270° + B) + sec(270° + C)

Since A, B, C are the angles of a triangle, we have
A+B+C=180°,

B+C=180°-A,C+A=180°-Band A+B=180°-C

. cosec (B + C) = cosec (180° — A) = cosec A

Similarly, cosec (C + A) = cosec B and cosec (A + B) = cosec C.
Again sec (270° + A) = sec (3.90° + A) = cosec A.

Similarly, sec (270° + B) = cosec B, sec (270° + C) = cosec C.
cosec A+cosec B+cosec C _ 1

L.H.S. =
cosec A+ cosecB +cosec C
Practice Assignment -III
1. Find the values of each of the following trigonometric ratios :
11
(i) sin 510° (ii) cosec (~405°) (iii) tan ?“
(iv) cos 855°. (v) sint120° (vi) cos 150°
(vii) tan 135° (viii) cosec 330° (ix) sec(-300°)
-23 35
(x) cot 1140° (xi) sec[ 3 nj (xii) cosec (Tn)
[0} o o
2 Find the value of S€€ 480”. cosec570~.tan330
sin600° cos660° cot405°
3. Find the value of sin2(~300°) cos3(120°) + cos?(—240°) sind (390°)
1
4. Verify.that, cos 24° + cos 55° + cos 125° + cos 204° + cos 300° = 2
5. Show that tan9°. tan27°. tan45°. tan63°. tan81° = 1.
6.

Prove that sec[ﬂ - GJ sec(e—@) +tan [@ +6j tan [e—ﬂ) =-1.
2 2 2 2
7. Simplify
() cos(90° +0)sec(270° +0)sin(180° - 0)
cos ec(—0)cos(270° —0)sin(180° + 0)
(ii) 0032(215— 9)tan2(n+ e)secz(n—e)

sin? (3w + 0)cos ec? (—9)00t2 (g + ej
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Prove that
(i) cos(m + X)Cos(—X)

= cot2x

. T
sin(m — x)cos(2 + X

(i) cos (% + XJ cos(2n + Xx) {Cot[% - x) +cot(2m + x)} =1

In a AABC, prove that
(i) cos(A+B)+cosC=0
C
= cot—
2
sin(B + C)+sin(C + A) +sin(A +B)
sin(n+ A) + sin(3n +B) + sin(5n + C)
tanB+C)+tan(C+A)+tan(A+B) _
tan(n— A) +tan(2n —B) + tan(3x — C)
If A, B, C, D are angles of a cyclic quadrilateral taken in order, then prove that
(i) cosA + cosB + cosC + cosD = 0.
(i) sin(A+B)+sin(C+D)=0
(iii) cos (B +C) =cos (A + D)
Find the values of other five trigonometric functions in each of the following problems :

(i) tan

1
(i) sin@ = % , 0 in quadrant | (i) cos 6 = —~ 5 ,/0in quadrant Il
3 . . 13 .
(i) cot 6 = Z , 0in quadrant Il (iv) sec 6 = —, 6+in quadrant IV
5 .
(v)tan 6 = 12 0 in quadrant 11
: 3 1 T 3n
If sin 6 = g,tanq): E and E <f<n<¢< 7fmdthevalueof8tan 0 - \/5 sec ¢.

If cosA= — % and cosB = % where t <A< 32_7: and % < B < 2x, then find the value of

sinAcosB +cos AsinB

Find the value of sin? — + sin? X + sin2 Lk +sin? 4n .
18 9 18 9
Find the value of cos? T +cos? ﬁ +cos? @ +cos? 7_n
16 16 16 16
Prove
-1
(i) sinz L4 cos2 " tan2 X -""
6 3 4 2
7 3
(ii) 2sin? =+ cosec? = cos?~ = °
6 3 2
5
(iii) cot2 = +cosec -~ +3tan? = =6
6 6 6

(iv) 2 sin? 3n +2c0s? & +2secz & =10
4 4 3

5
(v) 3 sin Esec£—4singncot%=1

o o 2
If tan 25° = a, prove that tan155” —tan115" _1-a

1+tan155° tan115° 2a

1
Show that sin? 5° + sin210° + sin215° + ......... +sin290°=9 —

Visit editablestudyfiles.com for MS Word Files



https://editablestudyfiles.com/
https://editablestudyfiles.com/

Visit editablestudyfiles.com for MS Word Files

19. Evaluate log1o (tan1°) + log1o(tan2°) + ........... + log1o(tan 89°)
20. Find x from the equation :
x cot(90° + 0) + tan(90° + 0) sin 6 + cosec (90° + ) =0

Sum and Difference Formulae

i) sin (A + B) = sin A cos B + cos Asin B
ii) sin (A—-B)=sin Acos B-cos AsinB
iii) cos (A+B)=cos AcosB-sinAsinB
iv) cos (A—B)=cos Acos B +sinAsinB
tanA+tanB
tan(A+B)=————— T n
v (A+B)= o AtanB where A #nm+ 2, B #nn+o
tan(A—B)= BNAZtANB | A+Bemr+ ©
1+tanAtanB 2
Cot(A+B):cotAcotB—1
vi) cotA+cotB |where A=nmnB =nn
cot (A—B)= cot AcotB+1 and A+ B =nx
cotB—-cot A
vii) sin (A + B) sin (A — B) = sin? A — sin?B = cos?B — cos?A
vii) cos (A + B) cos (A — B) = cos? A — sin?B = cos?B - sin?A

lllustration 34
Find the value of (i) cos 15° (ii) sin 105° (iii) tan 105°.
(i) cos 15° = cos(45° — 30°) = cos 45°. cos 30° +sin 45°. sin 30°

C1 431 1 341
22 22 27z
(ii) sin 105° = sin (45° + 60°) = sin 45° cos 60° + cos 45° sin 60°
_1 o1, 148 1443 _ V341
J2'2 2 20 22 22
tan60° +tan45°
1-tan60°.tan45°
V3 +1 =[\/§+1j[1+\/§J= (/3 +1)? :3+1+2\/§

(i) tan 105° = tan (60° + 45°) =

T 1731 1243|1443 1-3 -2
) 4+22J§ - _2443)

Illustration 35

Show that tan 75° + cot 75° = 4.
tan45° +tan30°

1-tan45° tan30°

tan 75° = tan(45° + 30°) =

1+

&~

V3 +1 (1)
J3 -1

1-

-
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1 V3 -1

and cot 75° = = ....(2)
tan75° /3 +1

Now, L.H.S.=tan 75°+ cot75°

341 3-1
- F 1) and (2
\/§_1+\/§+1 [From (1) and (2)]
(V3 +102 +(/3-1? _ (4+2J3)+(4-23)
3 -3 +1) 3-1
-8 =4=RH.S.
2

If sin A=3/5and cos B =9/41,0 < A <7/2, 0 < B < /2, find the values of the following :
(i) sin(A + B)
(ii) cos(A - B)

sin A = 3/5, cos A=4/5

cos B =9/41, sin B = 40/41

0 < A + B < r, in which sine function is positive

= (i) sin(A+B)=sinAcosB+cosAsinB= = 3 9 +i ﬂ xR
5 415 41. 205
—-n/2 < A — B < 7/2, in which cosine function is positive

= (ii) COS(A—B):COSACOSB+SinASinB=£><3+3 40 156
41 5 41205

lllustration 37

Prove that tan 70° = 2 tan 50° + tan 20°

We have tan 70° = tan(50° + 20°) = tan50" +tan20°
1-tan50° tan20°
or, tan 70°(1 — tan 50° tan 20°) = tan 50°+ tan 20°
or, tan 70° — tan 70° tan 50° tan 20° = tan 50° + tan 20°
or, tan 70° = tan 70° tan 50° tan 20° + tan'60° + tan 20°
= tan(90° — 20°)/tan 50° tan'20° + tan 50° + tan 20°
= cot 20° tan 50° tan 20° + tan 50° + tan 20°
= tan 50° + tan'50° + tan 20° = 2 tan 50° + tan 20°

Illustration 38

Prove that cos 18°— sin 18° = /2 sin 27°
R.H.S = /2 sin27° = V2 sin (45° - 18°)
=2 2(sin 45° cos 18° — cos 45° sin 18°)

—\/—(\/_00818 \/%sin18°]

=co0s18° —sin 18° =L.H.S.

Illustration 39

sin(x +y) tanx +tany
sin(x —y) tanx - tany
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LHS. = sin(x+y) sin x.cosy +cosx.sin y

(1)

sin(x — y) ~ sin X.COS Y — COS X.Sin y
Dividing the numerator and denominator of (1) by cos x cos y, we get
tanx +tany

tanx —tany

sin(B-C) N sin(C-A) . sin(A -B)
cosB cosC cosC cosA cosA cosB
First term of LH.S. = Sin(B-C) _ sinB cosC — cosB sinC
cosBcosC cosB cosC
= sinBcosC  cosBsinC _i . B_tanC
cosB cosC cosB cosC

similarly, second term of L.H.S. =tan C —tan A
and 3rd term of L.H.S. =tan A-tan B
NowL.H.S.=(tanB-tanC)+ (tanC—-tan A) + (tan A—tanB) =0

LHS. = =R.H.S.

Prove that

Illustration 41

Prove that cos? 2x — cos? 6x = sin 4x sin 8x
L.H.S. = cos? 2x — cos? 6x
=1 —sin? 2x — (1 — sin? 6x)
= sin? 6x — sin? 2x
= sin? (6x + 2x) sin (6x — 2x) [*sin (A + B) sin (A + B) = sin? A — sin? B]
= sin 8x sin 4x = sin 4x sin 8x

lllustration 42

If tan o = x + 1, tan B = x — 1, show that 2 cot (o — B) = x2
LH.S. =2 cot (o — p) = 2Aeotic.cot p+1)
cotp —cota

of 11
1+x x=1

1
2 +1
(x2—1 J zﬁ 2
(x+1)—(x-1) "2
x2 -1

Illustration 43

If 3 tan 6 tan ¢ = 1 Prove that 2 cos (0 + ¢) = cos (0 — @)
Given,3tan6tano=10rcot6.cotp=3
or cqse C.OS(p _ 3
sin® sine 1
By componendo and dividendo, we have
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cos0 cos¢ + sind sing 3 +1 ; 00s (6-9) _
cosO cosp —sin® sinp 3-1  cos (0+¢)
or 2 cos (6 + @) =cos (6 — o)

lllustration 44

sin (o+ B)
sin (o—B)

Find the value of , given that tan o = 2 tan p.

We have tan o = 2 tan
sina > sinf

orl . b
cosa cosf
or, sino .cosPB=2cosa.sinf
Now sin (a.+P) sino.cosP+cosa.sinf 2 cosa.sinP +cosa.sinf

sin (a—PB) sina.cosB-cosa.sinf  2cosa.sinP —cos a.sinf
= 3cosa.sinf =3,
cosa.sinf

lllustration 45

If tan x —tan y = a and cot y — cot x = b, prove that 1/a +1/b = cot (x — y).
We have

1 1 1 1
—+—= +
a b tanx-tany  cot'y—cotx

COS X .COSY h sinxsiny
sSinXcosy —cosxsiny . sinxcosy —cos xsiny
COS XCOS Y + sinxsiny ~ cos(x —y)
sinxcosy —cosxsiny  sin(x-y)
cot (x—y)

lllustration 46

sin o cos a
ftan = ———M—

2 +cos?a

, prove that 3 tan (o — ) = 2 tan a.

L.H:S. =3 tan (o - p)
sino  sina.cosa
A 3 tano-tanp _g _Cosa 2+c0s? a
1+tana.tanP 14 sino. sino.cos o

cosa 2 +cos? o

o —sino.cos? a

2cosa +cos® o + sin? a.cos a

2sina 6sina

2

2sina + sino.cos

= 3 3

= 3

2cos o +cos a(cos? o +sin? o) 2COSa +Cosa

6sina
= =2 tan a.
3cosa
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Practice Assignment- IV

If sin A = %,0<A< g and cos B = n<B< %,findthevaluesof

(i) sin(A + B) (i) cos(A + B) (iii) tan(A + B)

(iv) sin(A - B) (v) cos(A - B) (vi) tan(A - B)

Find the value of (i) sin 75° (ii) tan 15° (iii) cos 15° (iv) cot 105°
Prove

(i) cos (% - Xj cos [% - y) - sin[g - x] sin(% - yJ =sin(x+Yy)
tan(rC + X) 2
(i) 4 (1 +tan xj

- 1-tanx

tan[n - xj
4

(iii) sin(n + 1)x sin (n + 2)x + cos(n + 1)x cos(n + 2) x = cos X
(iv) cos ﬂ+X —cos %—X =—\/§ sin X

4 4
Prove that

(i) tan3A tan2A tanA = tan 3A —tan 2A —tan A

(ii) V3 (tan 170° — tan 140°) = 1 + tan 170° tan 140°
(iii) tan 20° + tan 25° + tan 20° tan 25° = 1

(iv) cot x cot 2x — cot 2x cot 3x — cot 3x cot x = 1
Prove that
0 o0 (o) { Q0
cos 9"~ +sin9 cos 8~ +ssin8
Q) = tan54° (ii) = cot 37°
cos 99 —sin9® cos 82 —sin8°

If A+ B =450, Show that (1 + tan A) (1 +tan B)=2
cotA “cotB- 1
1+cotA™1+cotB 2°

IfA+B= % , prove that

(iif)

o H (o]
cos15” +sin15 =\/§

cos15° —sin15°

A fl
Iftan o = vak ,tan B = J— andtan¥y = —= ,whereA=1-a—-a?, provethata + B =1.
a

a

If cos (o + B) =i , sin‘(a — B) =£ and a, B lie between 0 and kid , then prove that tan 2a =@ .
5 13 4 33

- X
If tan(A — B) = x:and tan (A +B) =y, prove that tan 2B = y .
1+ xy
If tan o = and tan p = ,showthata+B=£.
m+1 4
2 02
Prove that tan(A+B) sin“ A-sin“B

cot(A-B) cos?2 A—sin’B
Prove that

(i) sin? (E +Aj—sin2 (E—éjz(ij sSinA
8 2 8 2 2

iy s [ =) csine [ o8- T gine
1272 12 2) 2
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iy cos? [E-9) _sin [2+ 2121 coso
6 2 6 2) 2

(iv) sin? 6x — sin? 4x = sin 2x sin 10x

(v) €0s22x — c0s26x = sin 4x sin 8x

14. If tan B = M prove that cot A, cotB, cot C are in AP.

sin(A +C)
15. If o and B are solutions of the equation a tan 6 + b sec 6 = ¢, then show that
2ac
a’ -c?
16. If in a triangle ABC , sin A cos B = 1/4 , and 3 tan A = tan B, then prove that triangle is right angled.
2 2
17. Prove that tan 229 tan 26 =tan36tano6.
1-tan“ 26tan“ 6
18. If 2tan B + cot B =tan a , prove that cot p = 2 tan(a — B).

tan(a + B) =

Transformation Formulae
Sum and difference into products

(a) sin A + sin B = 2 sin (A;B]COS(A_B)

2
(b)  sinA—sinB=2cos [ATB|gin[AB
2 2
(c) cos A + cos B =2 cos A+B cos A-B
2 2
(d) cosA — cosB = 2 sin A+B sin B-A
2 2
tanA +tan8:%
(e) (;(i)li(AC—o;) , whereA,Bznntn/2,neZ
tanA-tanB=———=
cos AcosB
cotA +cot8:%
() ssilr?(Bilr/L) ,Where A, Bznn,NeZ
cotA—cotB=—————
sinAsinB

Product into sum or difference
(a) 2 sin A.cos B .= sin/(A + B) + sin (A -B)

(b) 2 cos A sin B=sin (A +B) —sin (A-B)
(c) 2 cos'A cos B =cos (A +B) +cos (A-B)
(d) 2 sin A'sin B =cos (A - B) —cos (A+B)
T-Ratios of the sum of three angles
(a) sin (A + B + C) =sin A cos B cos C + cos A sin B cos C + cos A cos B sin C —sinA sin B sin C
orsin (A+ B+ C) =cos A cos B cos C (tan A + tan B + tan C — tanA tan B tan C)
(b) cos (A+B + C)=cos AcosBcosC-sinAsinBcos C-sin A cos B sin C —cosA sinB sinC

cos (A+ B+ C)=cos Acos B cos C (1-tan A tan B —tan B tan C —tan C tan A)
(©) tan(A + B + C) = tanA+tanB+tanC-tanAtanBtanC

1-tanAtanB-tanBtanC-tanCtanA
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Express the sin 40 + sin 30 as product of sine and cosines.
sin 46 + sin 30 = 2 sin(4e;36)cos(4e;36) [-.-sinC + sinD = 2sin C;D cos C_D} =2 sin ?.cos9

2 2

Illustration 48
Prove that cos 18° — sin 18° = \/5 sin 27°
L.H.S. = cos 18° — sin 18° = cos 18° — sin(90° — 72°)

=co:318°—cos72°=2$in18 +72 sin72 —18

2
= 2 sin 45° sin 27° = 2i sin 27° = \/5 sin 27°
J2
Prove that sin(0 + ¢) — 2sin @ + sin(0 — ¢) = tan 6
cos(0 + ¢) —2cos0 + cos(0 — ¢)
We have,

sin (6 + ¢) — 2sin 6 + sin(6 — @)
cos(6 + @) —2cos b + cos(d — @)
_ sin (0 +¢)+sin(d—¢)—2sin @
B cos(@ + @) +cos(f0 — @) —2cosd
_ 2sinbcos¢d—-2sin6
B 2cosOcosp—2cos0O
_ 2sinB(cos¢$—1)
_2cose(cos¢—1)

LH.S. =

=tan 0 = R.H.S.

lllustration 50

(Xr —
Prove that (cos a + cos B)? + (sina + sin B)? = 4 cosz( 2 )

LHS. - {ZCos[a;Bjcos(a;Bjr {sz(“;B]cos(“;BjT
5o (e

sin 5A + 2sin 8A + sin 11A sin 8A
Prove that =

sin 8A + 2sin 11A +sin14A sin 11A
_ (sin11A +sin 5A) + 2sin8A

LHS. = = _ i
(sin14A +sin 8A) + 2sin 11A
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11A+5A _ 11A-5A

2.si +2sin8A
2.5in HATBA (TAAZBA L Hsin11A
_ 2sin8A cos3A +2sin8A _ 2sin8A (cos 3A+1) sin8A
2sin11Acos 3A + 2 sin 11A 2sin 11A(cos 3A+1) sin11A
| lllustration 52
. . X-y p? +q?
If sinx+siny=pandcosx+cosy=gq,showthatcot =2 _ ———
4-p°—q
sinx+siny=pandcosx+cosy=q
23inx+y.COSX;y =p .1 and
2 cos XY .cosX;y =q (2)

Squaring (1) and (2), and then adding, we get
= 4c0s2X Y gin2 X1Y | 0e2 XY | = 2 42
2 2 2

2 2
X — _
Or, 4C032—y =p2+q2,or, COS2 X y:p +q
2 4
_ _ 2 2 22
Sin2X y=1—cos2u=1—p +9 :4 P —q9
2 4 4
2X-y
- cos
cosQX y - 2, - p2+q2
- 2 2
sin2 XY 4-p° —q
cotx_y:J_r p2+q2
2 4 p?_ P

Illustration 53

Express the 2 sin 36. cos 6 as the sum or difference of cosines and sines.
2 sin 30. cos 0 = sin(360 + 8) + sin (36 — 0) [+ 2 sin A cos B = sin (A + B) + sin (A — B)]
= sin 40 + sin 20

lllustration 54

Show that cos10° + cos110° + cos 130° = 0.
L.H.S. = (cos 110° + cos 10°) + cos 130°

110°+10° 110°-10°
5 . Cos

2 cos + cos 130°

= 2. % . cos 50° — cos 50° = cos 50° — cos 50°

=0
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(i) Show that cos 20°. cos 40° . cos 80°=1/8.

J3

(ii) Prove that sin 20° sin 40° sin 80° = Y

1
(i) LH.S. = 2 (2 cos 40° . cos 20°) . cos 80°

— {cos (40° + 20°) + cos (40° — 20°)} cos 80°

1
— {cos 60° + cos 20°} cos 80° = Y (% + COos ZOOJ cos 80?°

cos 80° + l cos 20° . cos 80°
2
1
cos 80° + — .2.cos 80° . cos 20°
4
1
cos 80° + 2 {cos (80° + 20°) + cos (80°~ 20°)}

= Z cos (180° — 100°) + % {cos 100° + cos 60°}
=—1cos 100° + 1c:os 100° + 11:1
4 4 4 28

1
(ii) L.H.S. = sin 20° sin 40° sin 80° = > (2 sin 80° sin 40°) sin 20°

1
= E (cos 40° — cos 120°) sin 20° = — (2 cos 40° sin 20° — 2 cos 120° sin 20°)

N

- % {sin(4o° +20%) - sin(40° —20°)—2(—%)sin20°}

= 1[sin 60° = sin 20° + sin 20°] = 1sin 60°
4 4

1B 3
4 2 8
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lllustration 56

Prove that tan 20°. tan 40°. tan 80° = \/5 .

sin20° sin40° sin80°

LHS. = . .
cos20° cos40° cos80°

Solution

(2sin40°.sin20°).sin80°

{cos(40° —20°) — cos(40°+20°)}. sin80°

(2cos40° . cos 20°). cos 80° -

(cos 20° —cos 60°) . sin80°

{cos(40° + 20°) + cos(40° —20°)}. cos 80°

sin80° . cos 20° - ; sin80°

(cos 60° + cos 20°) . cos 80°

2sin80° cos 20° —-sin80°

;cos 802+ cos 80°.cos 20°

{sin(80° + 20°) + sin(80° — 20°)} — sin 80°

cos 80° + 2cos80° . cos 20°

_ sin100° +sin60° —sin(180° —100°) _

cos 80° +{cos(80° + 20°) + cos(80° — 20°)}

sin100°+\/2§—sin100°

sin(180° —100°) + cos100° + cos 60°

lllustration 57

l\)\—\l\)‘&

—cos100°+cos100°+;

1
Prove that cos(30° — A) cos(30° + A) + cos(45° + A)cos(45° —A) = cos 2A + 1

L.H.S. = % [2 cos(30° — A) cos(30°+ A) + 2 cos (45° + A) cos(45° — A)]

N| =

Illustration 58

1
Prove that sin A. sin (60° — A). sin (60° + A) = 2 sin 3A
L.H.S. = sin A. sin (60° — A). sin (60° + A)
1
= E sin A [2 sin (60° + A). sin (60° — A)]

1
[cos600 + cos 2A + cos 90° + cos 2A] = cos 2A + 1

1
= E sin A [cos(60° + A — 60° + A) — cos(60° + A + 60° — A)]

1
= 2 sin A (cos 2A — cos 120°)
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(2 cos 2A sin A — 2 cos 120° sin A)

{sin(ZA +A)-sin(2A-A)- 2[— %) sin A}

(sin3A—sin A+sinA) = %sin 3A

lllustration 59
Show that sin A. sin (B-C) +sinB.sin (C-A) +sinC.sin(A-B)=0
sin A. sin (B — C) + sin B. sin (C — A) + sin C. sin (A - B)

=%[2 sin A. sin (B — C) + 2 sin B. sin (C — A) + 2 sin C. sin (A — B)]

= %[cos(A—B+C)—cos(A+ B-C)+cos(B-C+A)-cos(B+C-A)+cos(C—A+B)—cos(A+C-B)]
=0

lllustration 60

1
If cosec A + sec A = cosec B + sec B, prove that tan 5 (A + B) =cot A . cot B.We have

cosec A + sec A =cosec B + sec B

1 1 1 1
or, sec A —sec B = cosec B — cosec A, or, v =— ——
cosA cosB sinB sinA
or cosB-cosA sinA-sinB of cosB-cosA cosA.cosB
' cosA.cosB  sinA.sinB ’ sinA—sinB  sinA.sinB
. B+A . A-B
2.sin 5 .sin >
or, = cot A" cot.B
A+B . A-B
2.cos .sin
2 2
or, tan A+B = cot A cot B. ie. tan% (A+B)=cotA. cotB.
lllustration 61
. . 1+n
If sin 0 = n/sin (0 + 2a), prove that tan (0 + a) = 1 tan a
Given, if sin 6 = n'sin (6 + 2a) or 1 = M
n sin®

1+n _ sin(0+2a)+sin®
1-n  sin(6+2a)-sin®

. 0+200+0 0+20.—-0
2sin cos

[by componendo and dividendo]

_ 2 _ 2sin(6 + a)cos a
5 0+20+6 . 06+20-0 2cos(0+a)sina
cos sin 5

=tan (6 + o). cot a
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1+n
or tan (6 + ) = 1—tan a

lllustration 62

If sin o = k sin B, prove that tan o-p_k-1 tan o B.

2 k+1 2

We have sin a = k sin B, or, Sl_na = E
sinp 1
By componendo and dividendo, we get
. o+P oa=p
sina+sinp_k+1 28in—5"-C08 5= 11
sina—sinff k-1 ZCOSa+B.Sina;B k-1
or, tan a+B.Cota—B=k+1
2 2 k-1
or, E_1.tana;[3 _ = tana;B-
* cotmT_B

If cos (6 — a) = p and sin (6 + B) = g, prove that p? + g% — 2pq sin (a + B) = cos? (a + B).
Leta—6=A and 6+ B3 =B;then A+B=a+p,

p =cos (—A)=cos Aand g =sinB

L.H.S. =cos?A +sin’B =2 cos A. sin B. sin (A + B)
= cos?A + sin?B— {sin (A + B) — sin (A —B)} . sin (A + B)
='cos?A +sin?B — sin? (A + B) + sin (A + B) . sin (A - B)
= cos?A + sin?B — sin? (A + B) + sin2 A — sin?B
=1-—sinZ (A + B) = cos? (A + B) = cos? (a + B).

If cos(A + B + C) = cos A cos B cos C, then prove that
8 sin (B +.C) sin (C + A)sin (A + B) + sin 2A sin 2Bsin2C =0
cos A cos(B + C)—sin Asin(B+ C)=cos AcosBcosC
cos A [cos(B + C) — cos B cos C] =sin Asin(B + C)
or cos A (- sinB sinC) = sinA sin(B + C)
cos AsinBsinC
sinA
Write similar values of sin(C + A), sin(A + B) and multiply and put
sinA cosA = 1/2 sin 2A.

sin(B+C)=-
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Practice Assignment—V

Prove that
sinx + sin3x sin 5x — sin 3x

0] ——— X =tan 2x (i) =tan x
COS X + COS 3X COos 5X + cos 3x

cos 9x — cos 5x sin2x .. sinx+siny X+Yy

(iii) - - =— iv) —————— =tan | —
sin17x — sin3x cos 10x COS X +COS Yy

(v) cot 4x(sin 5x + sin 3x) = cot x(sin 5x — sin 3x)

Prove that

(i) sin 380 + sin 220 = sin 820
(i) sin 40° + sin 20° = cos 10°
(i) sin 57/18 — cos 4n/9 = \3 sin /9

Prove that
(i) cos 559 + cos 65° + cos 1752 =0
(i) cos 20° + cos 1000 + cos 140°=0
Prove that
. cos 4x + cos 3x + cos 2x
(i) - - - = cot 3x
sin4x + sin 3x + sin2x
sin A + sin3A + sin5A

=tan3A
cos A + cos 3A + cos 5A

cos 3A +2cos5A +cos7A  cos 5A

cos A +2cos3A + cos5A  cos 3A

. sin3A +sin5A +sin7A +sin9A
(iv) =tan6A
cos 3A + cos 5A +cos 7A + cos 9A

sin5A —sin7A +sin8A —sin4A
(v) = cot 6A
cos 4A + cos 7A — cos 5A — cos 8A

sin(6 + ¢)—2sin6 + sin(6 — ¢)
cos(0 + ¢) —2cos 0 + cos(0 —¢)
Prove that
(i) cos 3A + cos 5A + cos 7A + cos 15A = 4 cos 4A cos 5A cos 6A
(i) sin A +sin 2A + sin 4A + sin.5A =4 cos A/2 cos 3A/2 sin 3A
Prove that
(i) sin 500 —sin 700 + sin 10° =0
(i) sin 10%+ sin 20° +-sin 400 *+ sin 500 — sin 70° — sin 80° =0
A+ BJ

(ii)

=tan0

If cos A+ cos B=1/2,sin A+ sin B =1/4, prove that tan ( %

n . . n
Prove that [COSA t COSBJ +( sinA +sinB ) =2cot" A;B or, 0 according as n is even or odd positive

sinA —sinB cos A —-cosB
integer.
Prove that
Q) sm11As?nA+sm 7ASIIt13A _ tan8A
cos11Asin A + cos 7Asin 3A

(ii) cos 20° cos 100° + cos 100° cos 140° — cos 140° cos 200° = —-3/4
(iii) sin 6/2 sin 76/2 + sin 36/2 sin 116/2 = sin 20 sin 50

If cosec A + secA = cosec B + sec B, then prove that tan Atan B = cot(

A+B)

tan(A+B) 4 +1
tan(A-B) A-1

If sin 2A = A sin2B, prove that
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12. If cos a. = A cos(a —2P), prove that tan(o. — p) tan p = _;I _it :
J’_

13. If sin o = k sin B, prove that tan e = k-1 tan (OH_BJ.
2 k+1 2
14. 0] If cos (A + B) sin (C — D) = cos(A — B) sin (C + D), then show that
tan AtanBtanC +tan D = 0.
(i) If cos(A + B) sin (C + D) = cos (A — B) sin (C — D), then show that
cot A cot B cot C = cot D.
15. Prove that
(i) cos?(A - B) + cos?B - 2cos A cos B cos(A - B) = sin?A
(i) sin2A + sin?(A — B) — 2sinA cosB sin(A — B) = sin?B
(iii) cos?A + cos?B — 2 cos A cos B cos(A + B) = sin?(A + B)
16. If three angles A, B, C are in AP, prove thatcotB = M .
cosC-cosA

17. Prove that M =3ifcota =2tan p.
cos(a + B)

Multiple and Submultiple Angles
An angle of the form nA, where n is an integer is called a multiple angle, for/example 2A, 3A, 4A, ... etc. are multiple
angles of A.
Here we shall express trigonometric ratios of multiple angles of A in terms ,of trigonometric ratios of A.
2tan6
(a) sin26=25inecose=L,[Gimwg}

1+ tan26

2
1-tan< 0
b cos20=cos?20-sin20=2cos20—-1 =1-2sin20= ———, 9¢nn+£
2

1+tan© 0
(c) 1+cos20=2cos?0,1—-cos20=2sin20 _or M = 082 G,M = Sin2 0
2 —
(d) tan20 = mWhere67!5(2n+1)2,;t(2n+1) E,cot26= LM,6¢ n—n,eqtnrc
1_tan2 s} 4 2 2cotO 2
(e) 1_(_3039 = tang, where, 0 #nn
sin® 2
(f) 1+?ie:cotg,wheree;«énn
sin© 2
(9) =cos® = tan? 9, where 0=(2n+1)n
1+ cos 0 2
(h) m = cot? 9 ,where6=2nn
1-cos 6 2

1
(i) sin30=3sin6-4sin30 = sin36=z(33ine—sin39)

() cos30=4cos®0-3cos0 = cos3e=%(30036+00336)
a3
k) tan3o= S2no tzn O s T ey E
1-3tan“ 0 2 6
3 —
(|) cot30= w, e;&nn’n_n
3cot 01 3
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(m) sin 0 sin(60° — ) sin(60° + 0) = %sin 30

(n) cos 0 cos(60° — 0) cos (60° + 0) = % cos 39
(o) tan 6 tan(60° — 0) tan(60° + 0) = tan 3 6
Iftan 0 = g, then find the value of acos 26 + b sin 2 0.

acos20+bsin260

1—tan29 2tan0
a +b

1+tan26 1+tan26
2
al1-2 b a@®-b?) 22
2 b.2— 5 =
_ a . a _ a ,__a
1+ﬁ 1+ﬁ aZ +b2 a2 +b2
a2 a2 a2 a2
_a@*-b% 2v%a _a@*-b*+2b?)
aZ +b2 aZ +b2 aZ +b2
_ a(a2 +b2) _
aZ +b2
Prove that 1+ sin6 —cos® = tan 2

1+ sin® + cos®

, 23in29+2sin§cosg
(1-cos 0)+sin6

LHS = kb

(1+ cos 6)+sin®

= tan9
2

2cos? 9+2$ingcosg
2 2 2

Show that \/2 + \/2 ++2+2c0s80 =2cos6

LHS. = \/2 ¢ \/2 #y/2[2c0s2 20)

=\/2+\/2+200346

= Jz +4/2(2.cos 2 20]

=4/2 + 2c0os 20

:\12‘20032 ei =2cos 0
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lllustration 68

Prove that, tan o. tan(60° — o) tan(60° + a) = tan 3a.
sina sin(60° —a) sin(60° + a)

LHS= . .
COSa cos(60° —a) cos(60° +a)

) 26 . D sina(—sinzaj
- sina(sin® 60° —sin“ a) 4
5=
@) cos a(l —sin? ocj

[+ sin(A + B) sin(A — B) = sin?A — sin?B and cos(A + B) cos(A — B) = cos2A - sin?B]
_sino(3 —4sin? a) 3sina—4sin®

cos oc(cos2 60° —sin

cos a(1—4sin2 a) " cos a[1-4(1 — cos? o)]

3sina—-4sin®a  3sina-4sin®o _sin3 a

=tan 3 a

cosa(dcos®o—3) 4cosdo—3coso €OS3 a

lllustration 69

Show that cos? (A — 120°) + cos?A + cos? (A + 120°) =

N|w

L.H.S.
1
= 2 {2 cos? (A —120°) + 2 cos? A +2 cos? (A + 120°)}

1
= E{1+cosZ(A—120°)+1+cosZA+1+cosZ(A+12O°)}
[+ 2cos?0 =1+ cos 2 0]

1
= E {3 + cos 2A + cos (2A + 240°) + cos (2A — 240°)}

1
= 2 {3 + cos 2A +.2.. cos 2A . cos 240°}

1 1
= — {3 +cos 2A+ 2 .cos2A . (- —
! -5
[ cos 240° = cos (180° + 60°) = — cos 60° = —%]

= %{3 + cos 2A — cos 2A} =

N |

Prove that, sin®a + sin® 2—Tr+a +sin® 4—Tr+a = —Esin 3a
3 3 4
sin® 0 = %(33in6—sin36)
LHS. = 1 [3sina—sin3a] + 1 [3 sin 2_n+ a | —sin(2r + 30c)]+1 [3 sin ﬂ+ a |- sin (4n + 3a)]
4 4 3 4 3

. , 1
[Bsina-sin3a]+ — 33in(2n+aj—sin3a +1 3sin(4n+aj—sin3a
4 3 4 3
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[ sin (2r + 0) = sin 6 and sin (4w + 0) = sin 0]

3 . 3| . (2n . (4 1, . . .
—sina+—|sinl —+a |+sinf —+a ||-—(sin3a +sin3a +sin3a)
4 4 3 3 4

§sinoc +%23in(n+ a)cosg—%sin%c [Using the formula of sin C + sin D]
=§sina+§.2.(—sina).l—§sin3 o
4 4 2 4

. 3 . 3 . 3 .
—sino——sina——sin3 o = —— sin3a
4 4 4 4

Illustration 71

2ab
If sin x + sin y = a and cos x + cosy = b, show that sin (x +y) =

a? +b?
We have 2ab = 2 (sin x + sin y) (cos x + cos y)
=2(sin x cos x + siny cos y + sin x cos y + cos x sin y)
=sin2x+sin2y+2sin(x +vy)
=2sin(x+y)cos (x—y)+2sin(x +vy)
sin (x +y) [cos (x —y) + 1] (1)
and a? + b? = (sin x + sin y)? + (cos x + cos y)?
=sin?x + sin?y + 2 sin x sin y + cos? x + cos? y + 2 cos X cos ¥
= (sin?x + cos? x) + (sin%y + cos? y) + 2 (cos X cos y + sin X sin y)
=2+2cos(x-Y)
=2[1+cos (x-y)] ...(2)
Dividing (1) by (2), we get
2ab

a +p?

Illustration 72

=sin (x +y)

3cos2-1
If o and P are acute angles and cos 2o.= —B_ , show that tan a = \/5 tan B.
3 -cos2p3
3cos2p—1 1 3-cos2B

We have cos 20 =

3-cos2p’ o Cos2a 3cos2p -1
By componendo and dividendo, we get
1-cos20. 3-cos2B—3cos2B+1
1+cos2a 3-cos2B+3cos2pB -1
- 4-4cos2B _ 4(1-cos2B) _ 2 tan2p
2+2cos2B 2(1+cos2B)

tan o = \/E . tanp, since a, B are both acute angles.

or, tanZo

Illustration 73

If tan?a. =1 + 2 tan?p, prove that cos 2B =1 + 2 cos 2.
We have tan?a = 1 + 2 tan?

o, 1-cos2o _ 14 2.(1-cos 2B) —tan2 0 1-cos 20
1+ cos2a 1+cos 2B 1+ cos 20
or 1-cos2a  1+cos2B+2-2cos23 3-cos 2B
' 1+ cos2a 1+cos2pB 1+cos 2B
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1+cos2a  1+cos2B
1—cos2a 3-cos2p

By componendo and dividendo,

or,

2 _ 4 o 1 2
2cos2a —-2+2cos2B ’ cos2o. —1+cos2p
or, -1+ cos 23 = 2 cos 2q, or, cos2p=1+2cos2a.
lllustration 74
Prove that — L V3 =4

sin10° cos10°
LHS = cos10°—+3sin10°
sin10°. cos10°

NOW CcOoSs 100— \/§ Sin 100 = 2[1.003100—\/5.8"1100}
2 2

= 2 (sin 30° cos 10° — cos 30° sin 10°)
2 sin (30° — 10°) = 2. sin 20° =2.sin(2.10°)
2 .(2sin10°. cos 10°) =4 . sin 10° . cos 10°.
Hence L H.S. = 4sin10°.cos10° _

sin10°. cos10°

lllustration 75

™ 3 5
Prove that cos*— + cos*— + cos*— + cos*

8 8 8

2 2 2 2
1 (20052 Ej +(200$2 @) + (2cos2 5—“] + (20052 ﬁ]
8 8 8 8
2 2 2 A

! {(Hcos j +[1+cos%} +(‘I+cos%j +[1+COS%TJ } { 2cos? Ez 1+cosA}

L.H.S.

1
N

Ny

|
.b_\
—
TN
—
+
Q
o
(n
\__/
/—\
—
(9]
(]
(72}
I
~
N
+
TN
—
|
Q
o
(7]
Nl
N
+
TN
—
+
Q
o
(7]
\
~
N
N

b bis o 5n b b1
.+ COS— = COS| T—— |=—C0S—,C0S — = COS| T+ — | = —COS —
4 4 4 4

n T T
and cos— =cos| 2n—— | =Ccos—
4 4 4

R CR C IR G

lllustration 76

4 1
If 180° < 6'< 270° and sin 6 = — E’ find the values of sin E 0 and cos E 0.

Since 180° < 0 < 270° i.e. 0 lies in third quadrant, sin 6 and cos 6 are both negative.

sme——%andcose——\ﬂ Sln =- 1——=—§

25 5

0 0
Again 90° < 5 <135°i.e. E lies in the second quadrant.
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.0 " 0 . .
. sin 2 is positive and cos ) is negative

WehaveZSin29=1—cos€)=1— —E :1+§:§.
2 5 5 5

or sin29= i .. sin 9 = i
' 2 5 2 J5
AgainZCos29 =1+cos0=1+ (—Ejzz
2 5) 5
or 0052_=1- .'.cos—=—i.
' 2 5° 2 J5

Practice Assignment— VI

Prove the following identities :

. 1-cosA A

(i) ———=tan_
sinA 2
—co§29 =tan E—(9
1+sin20 4

(iii) 2 sin A cos®A — 2 sin®A cos A = (1/2) sin 4A
1+8iN20 —cos 20

- =tano
1+ sin20 + cos 20
(v) secx= 2
J2+2+2cos 4x
. sinx — sin3x .
(V|) ﬁ = ZSII"\X

sin“ x — cos“ x
Prove the following identities :
() tan(n/4 +0) —tan(n/4 — 0) = 2 tan-26
(i) tan A + cot A =2 cosec 2A
(ii) (tan o sec? a. + cot a.cosec?a) - (tan o + cot a)
= 2 cosec 2a (sec?a + cosec2a - 3)
iv) cot A—tan A =2 cot2A
v) tan A +2tan2A + 4 tan4A + 8 cot 8A =cot A
vi) cosecA—2cot2Acos A=2sinA

[
vii) cosec 2A —cot2A =tan A

A~ A~~~

Prove

(i) sin 2x + 2 sin 4x + sin 6x = 4 cos2x sin 4x
4tanx(1-tan? x

(i) tan 4x = ( )

1-6tan? x + tan* x

(iii) cos 4x = 1 — 8 sin? x cos? x

(iv) cos 6x = 32 cos® x — 48 cos* x + 18 cos? x — 1
Prove the following identities :

(i) 2cos x—cos 3x —cos 5x = 16 cos®x sin®x

(i) 1+ cos 2x + cos 4x + cos 6x = 4 cos x cos 2x cos 3x
Prove that
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(i) (cos a + cos B)? + (sin o + sin B)2 = 4 cos? [%)

(ii) (cos B — cos a)? + (sin a — sin B)?2 = 4 sin? (OLT_BJ
If tan 6 = % , prove that b cos 26 + asin20=b

1 1
If 2cos 6 =x+ —, prove that 2 cos 30 = x3 + —
X X3

If sin 6 + sin ¢ = a and cos 6 + cos ¢ = b, then show that
2ab b? —a?
e (ii) cos(f + ¢) =
a’ +b? b2 +a?
a?+b%-2
2
If a, B be two distinct angles satisfying the equation a cos 6 + b sin 6 = ¢, show that
2 2
a‘-b
a’ +b?
2ab
a? -b?

(i) sin (6 + ¢) =

(iii) cos (6 — ¢) =

(i) cos(a + ) =

(i) tan (o +PB)=

Show that

() sin 30 _ cos 30 _

sin® cos 0

. 2sin0 —-sin20

(i) — =t
2sin0+sin20

Show that

L0
2

1
(i) sin®x + cos*x =1 — 2 sin? 2x

(i) sin®x + cos® x =1 - %sin2 2x
Show that
1 N 1
cotO—cot30 tan36-tano
cosf-e
1-ecos0’

=cot 20

Prove that cos ¢ = if tan o = 1-e tani
2 1+e 2

Prove that :

(i) V3 cosec200 & sec 20° = 4

ii) 4 cos 20°= 3 cot 200 = —1
(i)

Prove that :

(i) 1 +cos 56° + cos 58 — cos 66° = 4 cos 28° cos 290 sin 33°
(i) cos2730 + cos? 470 + cos 73° cos 470 = 3/4

(iiii) sin2120 + sin221° + sin2390 + sin2 480 = 1 + sin29° + sin2180
Prove that :

() sec80-1 tan80

sec46—-1 tan20
(i) tan A sec 4A + tan 4A = tan A + tan4A sec2A

Find sin5 , COS i,tan X if
2 2 2
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4
(i) tan x = ——, x in quadrant II
, 1 .
(i) cos x = _5 , X in quadrant III

(iii) sin x = _71 , X in quadrant 1V

Some Important Trigonometric Results

0] sin a+sin(a+p)+sin(a+2p)+....+sin(a+ (n-1)B)
sl 2l
= sin(1st£+last £ 5" o = s ey
2 (B sinf/2
sm(zj
(i) cosa+cos (a+p)+ cos(a+2B)+...+ cos (a+ (n—-1)B)
Blan[MB
_np cos(a+(n—1)2jsm[2j
= COS(1st4+Iast4] sin—> = Y
Sin
2 sin[ﬁj
2
H n
(iii) cos A cos 2A cos2?2 A ... cos2™' A = M
2" sinA

lllustration 77
57 1 T

Prove that cos s + cos3—7r +cos— = —cot—
14 14 14 2 14

Here a=l,[3=l,andn=3
14 14

T 3-1\2x| . (2x 3
CosS| —+| — [—|SsIN| — X —
S= 14 2 )14 14 2

4n 8n 16n 1

2n
Prove thatCcos — CcOoS—CO0S—COS —— = —
15 15 15 15 16

. (~4 2T
Sm(2 15} sin(2n+2n] 1
Given expression can be writenas ———= = L 18-
2 2 16

4 . T . 2T
27 sin— 16 sin ==
15 15
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Values Of T. Ratios Of Some Important Angles

(a) sin 150 = \/2_3—\/; = cos 75°
(b)  cos 150 = ‘/25\/”;: sin 75°

(c) tan150=2 —/3 = cot 75°

(d)  cot150=2+ /3 =tan 75
° 1

(e) sin22% =§(\/2—\/§)= cos 67%
(o] o
(f) 00322% :%(\/2+\/§j=sin 67%

o o
(9) tan22% =72 -1=cot 67%

o

(h) cot22%o =v2 +1=tan 67%0
(i) sin18° =$ = cos 72°

) cos 18° =—“10;2\/§ = sin72°
(k) sin36° :10+2\/§ = cos 54°
n cos 36° = \/54” = sin54°

(m) sin9°= 0s81°

J3++/6 — \5- 5 N
4

\/3+\/§ +\/5 -5

() cos9° = 7 < sin81°
Prove that cos E—cosz—wzi_

5 5 2

n_180 = 36° and cos 36° = \/§+1; - cos X_ V5 +1

5 5 4 5 4

2
cos 2_7-[:200522_1 = 2 ‘/§+1 1 = 2(6+2\/g)_1
5 5 4 16
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_ 3+\/§_1_3+\/§—4_\/§—1
4 4 4
LHs =¥5+1 ¥5-1_V5+1-VB5+1_2 1
4 4 4 4 2

lllustration 80

Prove that tan 6° . tan 42° . tan 66° . tan 78° = 1.
sin6°. sin42° . sin66°.sin78°
Cos 6°.cos 42° . cos 66°.cos 78°
(2 sin 66° . sin6°)(2 sin 78° . sin42°)
(2 cos66°.cos6°) (2cos 78° . cos 42°)
_ (cos60°—cos72°) (cos 36° —cos120°)
B (cos 60° + cos 72°) (cos 120°+ cos 36°)

[1 - sin18°) (cos 36° + 1]
_\2 2 [~ cos 72° = cos(90° =18°) = sin 18°]
(1 + sin18°] (— 1 +cos 36°]
2 2
1_B-1)(V5+1 1
_l27 4 4 2

1,¥5-1)(VB+1 1
2 4 4 2
(3-45)(3++/5)

(1++/5) (+/5 1)

9-5_4
4

LHS. =

5-1
=1
Expression of sin A/2 and cos A/2 in terms of sin A
2 2
We have siné+cosA =1+ sin A and sinA - cos AV 1- sinA
2 2 2 2
A A - A A -
so that smE + Cos 55 +./1+sinA and smE — COs 5" +,1-sinA
By adding and subtracting, we have

23in%=i\/1+sinA + J1-sinA (i)

and 2cos%:i J1+sinA F /1-sinA ...(ii)

In each-of the-formulae (i) and (ii) there are two ambiguous signs. To find these ambiguities we proceed as follows. We
have

The RHSof this equation is positive if

onn< T s A conir e ifonn-T <2 conns 3
4 2 4 4

A A A 3
Hence sin E + cos E is positive if E lies between 2nr — % and2nmn +Tn and otherwise it is negative.

A A A 5
Similarly, sin E — CoS E is positive if E lies between 2n =t + % and2nm+ Tn and otherwise it is negative.
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These results can be shown graphically as given in the following figure.

Y
A A
sin —+co$ — is +ive
2 2
A A . .
sin ——coq —is +ive
2 2
A A 'l
sin — + cos —is —ive sin —+cos —is + ive
2 2 2
X'« > X

J

A A
sin %—cos %is +ive Sin - —c0s —is—ve

A
sin —+co
2

A A
sin ——cop EIS —ive

v
YI

If 2 sin%= J1+sinA +yJ1-sinA . Then this is possible when
sin%+cos % = +J1+sinA

A A : A A A
and sin E — COoS E =+41-sinA (sin E is +ve and numerically greater than cos E when E lies between 2nr +

kid and2nn+%)

Illustration 81

If A=580°, then prove that sin A/2 = %[— J1+sinA —J1-sin A]

Since A/2 = 2909, we have 2250 < A /2 < 3150
= sin A/2 + cos A/2’and 'sin A/2 = cos A/2 are both negative

= sin A/2 + cos A/2= — 1+ sinA
= sin A/2 — cos/Al2/= - WJ1—-sinA

Adding these, 2 sin A/2.= — 1+ sinA —yJ/1-sinA

Show that 4 cos 9° = \/3+\/§ + \/5—\/3

We have 2 cos % =+ \/1+sin0 +/1-sin0 .

A
Putting A = 18°, we get E =9°and cos 9° > 0.

2cos 9° = \/1+sin18° + /1—sin18°
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T+—+
4 4 4 4

:\/ V51 \/1_J§—1:\/3+J§+\/5—J§

_\/3+\/§ \/5—x/§
ST T2

Hence 4 cos 9° = \/3+\/§+\/5—\/§.

Maximum and Minimum Values of Trigonometric Functions
As we know that —1 <sinx< 1, -1<cosx<1,—w<tanx <o, |secx|>1and|cosecx |> 1.
If there is a trigonometric function of the form a sin x + b cos x,
then by puttinga=rcos 6, b =rsin 6,
we have a sin x + b cos x =r cos 0 sin x + r sin 6 cos x =r sin (x + 0),

where r = \Iaz + b2 ,tan0 = E
a

Since —1 < sin (x + 0) <1 for all values of x. Therefore —r <r sin ( x + 8) < r for all x

= —\/a2+b2 Sasinx+bcosxswla2 +b2 for all x.

Hence the maximum and minimum values of a trigonometric function’' of the form asinx + bcosx are

\/az +b? and — \Iaz +b? respectively.

lllustration 83

Prove that 5 cos 6 + 3 cos(0 + nt/3) + 3 lies between —4 and 10

The given expression is 5 cos 6 + 3cos[9 + gj +3

[130036—3\/§sin6] +3 (1)

N =

Letrcos a =13, rsin a = 3V3
= r=14
Hence, (1) becomes 7 cos (0 + ) + 3 which/lies between —4 and 10.

Practice Assignment— VII

1. Prove that :

(i) cos 2n/7 + cosAnl7 + cos 67/7 = —-1/2

(i) cos n/11 + cos 3n/11 + cos 5n/11 + cos 7n/11 + cos /11 = 1/2

(iii) cos0 + cos ©/7 + cos 2n/7 + cos 3n/7 + cos 4n/7 + cos 5n/7 + cos 6n/7 = 1
2. Prove that

(i) cos 2n/15 cos'4n/15 cos 8n/15 cos 167/15 = 1/16
(i) ». cos'm/7 cos 2n/7 cos 4n/7 = - 1/8
(iii) cos n/33-cos 2n/33 cos 4n/33 cos 8n/33 cos 16m/33 = 1/32
(iv
(

~ ~—"

iv) cosa/15 cos 2n/15 cos 3n/15 cos 4x7/15 cos 5n/15 cos 6n/15 cos 7n/15 = 1/128
v) sin‘n/14 sin 3n/14 sin 51/14 sin 7n/14 sin 9n/14 sin 111/14 sin 131/14 = 1/64
3. If Q= , prove that 2" cos 0 cos 20 cos 220....... cos2"-19 =1
2" 41
4. Prove that cos? 48° — sin2 120 = \/584- 1
1 1
5. Prove that sin lsmﬁ =——
10 10 4
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6. Prove that sinl + sin13—7E = _—1
10 10 2
7. Prove that sinﬁsinﬁsinﬁsinﬂ = i
5 5 16
8. Prove that cos ﬁcosﬂcosﬁcosm_n = i
15 15 15 15 16
9. Prove that sin 12° sin 48° sin 54° = %
10. Prove that | 1+ cos - 1+cos3—n 1+cos * 1+0089l _1
10 10 10 10 16

1. Prove that tan 6° tan 42° tan 66° tan 78° = 1

1
12. Prove that cos 36° cos 42° cos 60° cos 78° = —

16
13. Prove that cos 6° cos 42° cos 66° cos 78° = 1/16
14. Prove that cot 7 %20 = V2 + V3 + V4 + \/6
0 0
1

15.  Show that (a) cot22E =2 +1 (b) tan11% =J4+2y2 -2 -1
16. Prove that tan9° — tan 279 — tan 63° + tan 810 =4
17. Prove that 4 sin 27° = (5 + V5)2 — (3 — /5)2
18. Show that the maximum and minimum values of 8 cos 6 — 15 sin 0/lies between —17 and 17.
19. Find the maximum and minimum value of

(i) sinx + cos x

(i) 7 cos x + 24 sin x

(iif) 3 cos x + 5sin (x - %j
20. Find the interval in which A lies if

(i) A = sin?0 + cos* 0
(i) A = sin®0 + cos'0

Conditional Trigonometric Identities
We have certain trigonometric identities like,.sin20 + cos2 0 = 1 and 1 + tan20 = sec?0 etc. Such identities are identities in
the sense that they hold for all values of the angles, which satisfy the given condition among them and they are called
conditional trigonometric identities. If A,-B, C denotes the angles of a triangle then the relation A + B + C = & enables us
to establish many important identities involving trigonometric ratios.
(i) fA+B+C=nthenA*+B=a-C,B+C=n-A,C+A=n-B
(i) IfA+B+C=mnxthensin (A+B)=sinC,sin (B+C)=sinA, sin (C+A)=sinB
(iii) If A+ B+ C =, then cos (A +B)=-cos C, cos (B +C)=-cos Aand cos (C+A)=-cosB

(IV) fA+B+C=m, g A+B =COSE7 cos A+B :sing, tan A+B :COtE
2 2 2 2 2 2

All problems.on conditional identities are broadly divided into the following types :

(i) Identities involving sines and cosines of the multiple or sub-multiples of the angles involved.
(ii) Identities involving squares of the sines and cosines of the multiples or sub-multiples of the angles involved.
(iii) Identities involving tangents and cotangents of the multiples or sub-multiples of the angles involved.
Type-1. Identities involving sines and cosines of the multiple or submultiple of the angles involved. Working
method :
1. Express the first two terms as product using C and D formulae
2. In the product obtained in step 1 replace the sum of two angles in terms of the third by using given
relation
3. Expand the third term by using formulae (Double angle change into single angle or change into half
angle)
4, Taking common factor.
5. Express the trigonometric ratio of the single angle in terms of the remaining angles
6. Use the one of the formulae given in the step 1 to convert the sum into product.
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lllustration 84
IfA+B+C=nx,prove that cos A+ cos B+ cos C=1+4sin (Ajsin(Bjsin(C]-
2 2 2
LHS =cos A+cosB +cos C
= 2 cos (A;—B)COS(A;B]+COSC

N3
o
o
n
VR
N[> N>
|
jm N

o

o

(72]
TN

N Nvjm N

N  ~—

|
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NSNS AR AN
Q
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/ﬂ/—m
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o
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|

N |

N—— N
' |
o)
o 28
wn >

O NO NO MO MO MO

U

N

28

>
7\
N |
~—

28inésinE +1
2 2

= 1+4sin [Ajsin(B] sin[Cj =RHS
2 2 2

lllustration 85

If A+ B + C =, prove that cos 2A + cos 2B — cos 2C =1 - 4 sin A sin B cos C.
L.H.S. =(cos 2 A + cos 2B) — cos 2C
2A +2B 2A-2B
cos
2 2
=2cos (A+B)cos (A-B)~=(2cos2C-1)
=2cos (n—C)cos (A—B)-2cos?C + 1
=1-2cosCcos(A=B)-2cos2C
=1-2cos C [cos (A -B) + cos C]
=1-2cos C[cos/(A=B) + cos (n — (A + B))]
=1 -2cos C[cos (A — B) — cos (A + B)]

=1-2cosC 23in%sin§
2 2

=1-2cos C [2 sin Asin B] =1-4sinAsinBcos C=R.H.S.

=2 cos —c0s 2C

Type-2. Identities involving squares of sines and cosines of multiple or sub-multiples of the angles involved.
Working method :
(i) Arrange the terms on the LHS of the identity so that either
sin?A — sin 2B = sin (A+ B) sin (A- B)
or cos?2A -sin?2B =cos (A-B) cos (A +B) can be used.
(i) Take the common factor outside.
(iii) Express the trigonometric ratio of a single angle inside the bracket into that of the sum of the angles.
(iv) Use the formulas to convert the sum into product.
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If A+B+C=mn,prove that cos 2A + cos 2B +cos2C=1-2cosAcosBcosC.
LHS =cos?A+cos?B+cos?C
cos?A+(1-sin2B)+cos?C
(cos?A—sin?2B)+cos?2C+1 [becauseA+B=n —-C,cos(A+B)=-cosC]
cos(A+B)cos(A-B)+cos2C +1
—cosCcos(A-B)+cos2C+1
—cosC[cos(A-B)-cosC]l+1
—cosC[cos(A—-B)+cos (A+B)][because cos C=—-cos (A+B)]
—cosC[2cosAcosB]+1

= 1-2cos A cos B cos C=RHS

R R

If A+ B + C = x, prove that sin? A — sin? B + sin? C = 2 sin A cos B sin C.
L.H.S. = (sin? A —sin? B) + sin? C

=sin (A+B)sin (A-B) +sin?2C

=sin (r — C) sin (A-B) +sin2C (~A+B+C=n)

=sin Csin (A-B) +sin?2C

= sin C [sin (A — B) + sin C]

= sin C [sin (A - B) + sin (t — (A + B))]

=sin C [ sin (A - B) + sin (A + B)]

canc 202 ood 2|

= sin C [2 sin A cos B] = 2 sin A cos B sin C = R.H.S.

lllustration 88
If A+ B + C =g, prove that sinZA + sinzg + sinzg =1-2 sinA sin§ sinE.
2 2 2 2 2 2

We have 2 sin2% =1 — cos“A, or, sin? % = %(1 —cos A)

Similarly, sinzg = % (1 < cosB).

L.H.S.

(1=cos A) + 1 (1 —cosB) + sinZE
2 2

2)
1 C
== {2= A+ B)} + sin? —
2{ (cos cos B)} + sin 2
=1——.205A+B cos A_B+sin2—
2 2 2

n C A-B . C
=1-cos | ———| cos +sin2 —
2 2 2 2

A+B+C=m A+B=£—9

2 2 2
=1 -sin E cos —— + sin? 9
2 2
. C[ A-B . C}
=1 —sin —| CcoOS —sin—
2 2

. C A-B . (nm A+B
=1 -sin —| COS —sin| ——
2 2 2 2
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'.-A+B+C=n;'.-E=E—A+B
2 2 2
. C A-B A+B
=1-sin —|cos —Cos
2 2 2
=1—sin9 Zsiné.sinE
2 2 2
=1—23inésinEsin9
2 2 2
B
If A+ B + C = &, prove that cos? A + cos? — + cos? ¢ =2 1+sinésinEsin9 .
2 2 2 2 2 2
We have 2 cos? A =1+ cos A, or cos? A = 1 (1+cosA)
2 2 2
o B 1
Similarly, cos? — = — (1 + cos B)
2 2
1 1 C
LHS.= — (1+cosA)+ — (1+cosB)+cos?2 —.
2 2 2
1 C
= §{2+(cosA+cosB) +Cosz§
=1+ —.2cos A+B cos A_B+COSZE
=1+ cos x ¢ cos A-B +cosZE ‘.'A+B+C:Tt;.'.AJFB:E—E
2 2 2 2 2 2 2
=1+singcos A_B+1—sin2— =2+sm9 cos —— —smg
2 2 2
=2+sin & coS———=s (E—A+Bj [ A+B+C=mx Ezﬁ—AHﬂ
2 2 2 2 2
. C A-B A+B
=2+ sin.— | COS —Cos
2 2 2
=2+ sin %(Z.SinA sin—j =2 [1+sin—sin—sin—j.

lllustration 90

If A+ B + C =7, prove that cos? A — cos?B —cos?C =2cos AsinBsinC - 1.

1
We have 2 cos2 A =1+ cos 2A , or, cos?A = 2 (1 + cos 2A)
. 1
Similarly, cos?B = > (1 + cos 2B)

L.H.S.

% (1 + cos 2A) — % (1 + cos 2B) — cos2C

1
2 (cos 2A — cos 2B) — cos?C
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= %.2. sin (A + B) . sin (B — A) — cos?C

=sin (x — C) sin (B — A) — (1 — sin®C) [~A+B+C=n]
=sin C sin (B — A) + sin?C — 1

=sin C [sin (B—A) +sin C] -1

=sinC[-sin (A—B)+sin{n—(A+B)}] -1 [~A+B+C=n]
=sinC[sin(A+B)-sin(A-B)] -1 [ . sin{n—(A+B)}=sin A+B)]
=sin C. [2 cos A sin B] — 1

=2cosAsinBsinC-1.

Type —3. Identities for tangent and cotangent of the angles
i Express the sum of two angles in terms of third angle by using given relation

ii Taking tan from both sides

iii Expand the LHS in step 2 by using formula for the tangent of the compound angles.
iv) Use cross multiplication in expression obtained in step 3

V) Arrange the terms as per the requirement in the sum.

Illustration 91

If A, B, C are the angles of a triangle, then prove that
tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C.
We have A+B+C=nx
= 2A+2B=2n-2C
tan (2A + 2B) = tan(2x — 2C)
tan 2A +tan 2B _ _tan 2C
1-tan 2A tan2B

= tan 2A + tan 2B = — tan 2C + tan 2A tan 2B tan 2C
= tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C

A~ S S~ ~
~

lllustration 92

If A, B, C be the angles of a triangle, then prove that

tan EtanEnLtanEtanA+tanétanE =1.
2 2 2 2 2 2

Since A, B, C, are the angles of a triangle, ..A+B+C=mn,0or,A+B=n-C;

A B n/C
— t—=———
2 2 2 2
A B n /C C
tan| —+—| =tan | ———| = cot —
2 2 2 2 2
tané+tan§
or 2 2 = 1
’ A - 01
1+-tan~—.tan— tan—
2 2

or, tan A.tan 9 + tan E.tan E =1 —tanA tanE
2 2 2 2 2 2

B C C A A B
or, tan — tan — +tan — tan —+tan — tan — = 1.
2 2 2 2 2 2

lllustration 93
2x 2z 8xyz

2y
If x +y + z = xyz, then prove that + + =
1-x2 1—y2 1-22 (1—x211—y211—22)
Letx=tanA,y=tanB,z=tanC
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= tanA+tanB+tanC=tan A.tanB .tan C

= A+B+C=nn

= 2A+ 2B +2C =2nn

= tan(2A+2B +2C)=0

- tan2A + tan2B + tan2C - tan2Atan2Btan2C
1-tan2Atan2B - tan2Btan2C — tan2Ctan2A

= tan 2A + tan 2B + tan 2C = tan 2A. tan 2B. tan 2C

2x 2y 2z 8xyz

1-x?2 +1—y2 +1—z2 B (1—x2x1—y211—22)

Conditional Identities To Remember
If A+ B+ C = 1800, then
(i) sin 2A + sin 2B + sin 2C = 4sin A sin B sin C.
(ii) cos 2A + cos 2B + cos 2C=-1-4 cos Acos B Cos C

(iii) sin A +sin B + sin C =4 cos A cos E cos E
2 2 2

(iv) cosA+cosB+cosC=1+4sin%singsin%

(v) tanA+tanB+tanC=tan AtanBtan C

(vi) tan A tan E+tan B tan9 + tangtanA =1
2 2 2 2 2 2

(vii) cotAcotB+cotBcotC+cotCcotA=1

(viii) coté + cot E + cot E = cot é cotE cotg
2 2 2 2 2 2

Practice Assignment— VIII

If A+ B + C = x, prove the following identities :
sin 2A + sin2B + sin 2C =4 sin AsinBsin C
cos 2A+cos 2B+ cos2C=-1-4cosAcos Bcos C
sin A +sin B + sin C =4 cosA/2 cos B/2 cosC/2
cos A+ cos B+ cosC=1+4sin A/2 sin B/2 sin C/2
c0S2A + cos?B + cos?C =1-2cos Acos Bcos C
sin2A + sin?B + sin2C = 2 + 2 cos A cos B cos C
cos A/2 + cos B/2 + cos C/2 = 4 cos{(B + C)/4} cos{(C + A)/4} cos{(A + B)/4}
tanA+tanB+tanC=tan AtanBtan C
cotAcotB+cotBcotC+cotCcotA=1
0. cot (A/2) + cot (B/2) + cot (C/2) = cot (A/2) cot (B/2) cot (C/2)
sin2A +sin2B +sin2C A B C
=8 cos — cos — cos —
cos A +cosB +cosC -1 2 2 2
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1-cosA+cosB+cosC tan(A/2)

12. =
1-cosC+cosA+cosB tan(C/2)
sin2A +sin2B +sin2C . A . B _.C
13. - : . = 8sin—sin—sin—
sinA+sinB+sinC 2 2 2
14. If x +y + z = xyz then prove that
2X 2y 2z 2x 2y 2z
2t 2t 2T 24 024 2
1-x 1-y 1-z 1-x“1-y“ 1-2
15. If xy + yz +zx = 1, then prove that
X N y N z 2
2 2 2 1/2
1+x° 1+y° 1+z [(1+x2)(1+y2)(1+22)
Objective Assignment
1 .
1. Iftan6=a—4—,thensec€)—tan6|sequalto
a
1 1
a) 2a, — b) -—, 2a
(a) a (b) 3
(c) 2a (d) i , 2a
2a
2. Sec?0 = 4xy > where xeR, yeR, is true iff
(x+Y)
(@x+y=0 (b)x=y,x=0
(e)x=y (d)x=0,y =0
2
3. sin2 6 = M , X €R, yeR gives real 0'if and only if
4xy
(@)x+y=0 (b)x=y
(c)|x|=]y]|=#0 (d) None of these
4. If sin 6 + cosec 6 = 2, then the value of sin® 6 + cosec? 0 is =
(a) 2 (b) 28
(c) 24 (d) None of these
5. If x =r sin 8.cos ¢, y =r.sin 0. sin ¢ and z =r cos 0 then the value of x2 + y2 + z2 is independent of
(@6, ¢ (b)r, 6
(e)r. ¢ (d)r
6. Let f(0) = Lte &a+p= @ . Then the value of f(a) . f(B) is
1+cot 0 4
1
a) 2 b) ——
(a) (b) 2
(c) % (d) none of these
T 3 4 . .
7. fO<B<ac< Z,cos(a+B)= 5 and cos(a — B) = 5 , then sin 2 a is equal to
(a) 1 (b) O
(c) 2 (d) none of these
8. If cosa = 1(x + 1] cosp = 1(y +1J , then cos(a — B) is equal to
2 X 2 y
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@ %Y (b) xy +
X Xy

(c) 1(5 + Xj (d) none of these

2y X
If ?Slna =, then 1+S|noc.— COSOLis equal to

1+sina+cosa 1+ sin o

1

a) — b) A
()}M (b)
(c)1-1r (d)1+2xr
Ifaseca—-ctan o =d,bseca+dtan a =c, then
(a)a?+c2=b2+d? (b) @2 +d2 = b2 + ¢?
(c)az+b2=c2+d? (d) ab =cd

If o, B, v & & be four angles of a cyclic quadrilateral, then the value of
cosa+cosP+cosy+cosdis

(a) 1
(c) -1

(b) 0
(d) none of these

(a) 2003—?] (b) 2COS%
2 20
(c) ZCosi (d) none of these
2n+1
The value of \/g cosec 20° — sec 20° is equal to
(a)2 (b) 4
H o H o
(©) 2 sin20 (d) 4 sin20
sin40° sin40°
The value of cosec10° — \/5 sec-10° is equal to
1
a) — b) 2
()2 (b)
(c)4 (d)8
For all real values of 6, cot ® — 2 cot 2 0 is equal to
(a)tan2 6 (b) tan 6
(c)—cot360 (d) none of these
The value of tan Ty 2tan Ty 4 is equal to
16 8
T e
a)cot — b) cot —
(a) 8 (b) 16
(c) cot%—4 (d) None of these

7
If tan g,x and tan ?—g are in A.P. and tan g , y and tan % are also in A.P. then

(a)2x =y
(c)x=y

(b) x>y
(d) None of these

If cos (x — y), cos x and cos(x + y) are in H.P. then |cos x secy/2 | equals

(a) 1

() V2

(b) 2
(d) none of these
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If 2 sin a. cos B siny = sin B sin (o + y) then tan a, tan  and tan y are in

(a) A.P. (b) G.P.
(c) H.P. (d) None of these
If tan% and tan % are the roots of the equation 8x2 — 26x + 15 = 0 then cos(a + B) is equal to
- 627 27
(@ —— (b) o7
725 725
(c) 1 (d) none of these
If sin o + sin B = a, cos a — cosP = b, then tan @ is equal to
a b
a) —— b) ——
(a) b (b) 5
(c) a® +b? (d) none of these

A B
Leta =cos A+cosB-cos (A+B),b=4sin > sinE cos

(a) 1 (b) O
(c) -1 (d) none of these
If cos 20° — sin 20° = P, then cos 40° is equal to

(a) - Py/2-P? (b) P\2—-P?
(c)P+ \/2—P2 (d) none of these

If 3sin 0 + 4 cos 0 =5, then the value of 4 sin 0 — 3 cos 0 is

(@) 0 (b) 5

(c) 1 (d) none of these
If cos 2x + 2 cos x = 1 then sin? x (2 — cos?x) is equal to

(a)1 (b) -1

(c)-~/5 (d) V5

The value of tan 63° — cot 63° is equal to

(@ —2— J10-25 (b) —2— 10245

J5 +1 V5 +1
(c) \/54_1 410 ~25 (d) none of these
The value of cos 9° — sin 9° is
5-45 5++5
@ —\[—— (b)
2 4
(c) %\/5 —/5 (d) none of these
The value of 2tan —— + 3sec— —4cos ——is
10 10 10
(a) 0 (b) V5
(c)1 (d) none of these
The value of tan 20° + 2tan50° — tan70° is
(a) 1 (b)0
(c) tan 50° (d) none of these
_ J1+sin2A + /1-sin2A
If|[tan A| <1, and | A | is acute then is equal to
J1+sin2A - [1-sin2A
(a)tan A (b) —tan A
(c) cot A (d) — cot A
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. . /1 —sina ,
The set of all possible values of o in [ —=, 7] s.t 1— is equal to sec o —tan o is
+ sin a

i
(a) [0, Ej (b)

3037
"2
(€) [- =, 0] (d) ( g
tano . tan (E + OJ tan (E - OJ is equal to
3 3

(a)tan26 (b)tan 3 6
(c) tan%0 (d) —cot 6

If tan 6 + tan (6 +§j + tan (9 +2?th =k tan 3 6, then k is equal to

(a) 1 (b) 3
(c) % (d) none of these
3n 51 n In 117‘C 131
The value of sin —.sin—.sin—.sin—.sin—.sin .sin—— is'equal to
14 14 14 14 14 14 14
a) 1 b) —
(a) (b) 1 6
(c) i (d) none of these
The numerical value of sin l.sinﬁ.sinE is equal to
18 18 18
1
a) 1 b) —
(a) (b) 3
1 1
— d) —
(c) ) (d) 5
The value of cos12°.c0s24°.c0s36°.c0s48°.cos72°. cos84° is
1 1
S b) —
@ 54 ®) 3
1 1
— d) —
(C) (d) 128
3n 5n n 9n
The value of cos —+COS +C0S —+C0S—+C0S — is
11 11 11 11
(@o (b) 1
(c) % (d) none of these

— rn .
Zcos 2T s equal to
r=1 n

n n-1
a) — b)—
(a) 2 (b) >

n
(c) 5—1 (d) none of these

.o .3t . 5¢; i
The value of sin —+sin—+sin—+.... to n terms is equal to
n n n

(a)1 (b) O
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n
(c) 5

(d) none of these

The value of sin 78° — sin 66° — sin 42° + sin 6° is

1
(a) 2
(c) -1

If 4na = = then cota.cot 2a .cot 3a.... cot (2n —1)a is equal to

(a) 1

(c) o

Let p=acos 6 - b sin 6. Then for all real 6

(a)p > \/az +b?
(c) —\/az +b? < p swlaz +b?

The maximum value of 1+sin (%JrGJ + 2cos [%—GJ for real values of 0 is

(a)3
(c) 4

9
(a) "3
(c)-2

(@) 4+ 10

(c) 0

(i) 324°
Y

(i) 3

L 4n
(vi) 3 (vii)
@

" 12
12n
12936’
201

3
5:4
2
(i) 15
20

3
38° 30’
0.204 miles
2217 m
65° 27' 16"
8 and 4

45°

(ii) —229°5'27"" (app)

. 251
—m
360

(ii)

2

(ii)

o=

I
(iii) E

1
(b) 3

(d) none of these

(b) -1

(d) none of these

(b)p<-— w/az +b?

(d) none of these

(b) 5

(d) None of these
The minimum value of cos 20 + cos 0 for real values of 0 is

(b) 0

(d) none of these
The least value of cos?20 - 6sin 0 cos 0 + 3sin20 + 2 is

(b) 4 -[10

(d) None.of these

(iii) 210°

(iii) %

(iv) 39° 22’ 30"

.\ om
(iv) %

(v)

-19
72

(v) 300°

T
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PRACTICE ASSIGNMENT II

12. sece=1—7,tane=1—5
8 8

PRACTICE ASSIGNMENT I

1. (i) % (i) -2 (iif) _T?j (iv) _721 (v) g (vi) - g
(vii) —1 (viii) =2 (ix) 2 (x) % (xi) 2 (xii) =2

2, 16/3

o

7. (i) 1 (ii) 1

w| o

11. (i)cose=i,tan6=§,cot6=i,sece=g,cosec(a:
5 4 3 4

J3 -1 2
(i) sin 6 = —,tan6=—\/§,cot6= —,s8ec0=-2,cosec .= —
2 J3 V]
(iii)sin9=—£,cosece=—§,cose=—§,sece=—§,tan9= i
5 4 5 3 3
(iv)sin9=—E,cosece=—E,cose= i,tane=—2,cot9=——
13 12 13 5 12
(v)sin® = i,cosece= E,cos(9=—E,sece=—E,cot(9=—E
13 5 13 12 5
. I
2
13. 3
5
14. 2
15. 2
19. 0
20. X =sin 6
PRACTICE ASSIGNMENT 1V
. —56 L /F33 ... Db .. —16 -63 .16
(i) 55 (i) 55 (iii) 33 (iv) 65 (v) 55 (vi) 33
B+ 31 1+4/3
2. )= () S=— i) —— () V3 -2
2.2 J3+1 2.2
PRACTICE ASSIGNMENT VI
17. () J51/5,25/5,2 (i) /6 /3, —+/3 13, — /2 {iii) V23 , ~2+43 , —\/2_‘/g
2 2 2+4/3

PRACTICE ASSIGNMENT VII
19. () V2 and -2 (ii) 25 and —25 iy V19 and -19
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20. (i)%sAs1 (i)0<A<1

OBJECTIVE ASSIGNMENT

1 A 11 B 21 B 31 D 41 A
2 B 12 A 22 A 32 B 42 C
3 C 13 B 23 B 33 B 43 Cc
4 A 14 Cc 24 A 34 Cc 44 A
5 A 15 B 25 A 35 B 45 B
6 C 16 B 26 A 36 A

7 A 17 A 27 Cc 37 Cc

8 C 18 Cc 28 A 38 Cc

9 B 19 Cc 29 B 39 B

10 Cc 20 A 30 Cc 40 B
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